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CHAPTER 1. PHYSICAL FUNDAMENTALS OF 
MECHANICS

Dynamics of a Solid Body

During the study of
the laws of motion of
the material point it
was introduced a
series of dynamic
characteristics: mass,
momentum, force. If
the solid moves
progressively, then all
its points move along
the same trajectories,
that is, at the same
speed.

If the solid rotates (is 
rotating), then its 

entirepoints move in 
concentric circles, the 
centers of which lie on 

one straight line. All 
these points move with 

different linear velocities, 
but they will have the 

same angular velocity 𝜔. 



Let’s consider the material point with mass 
𝑚𝑖at distance 𝑟𝑖 from the stationary axis.

The moment of inertia (𝐼) of a 
material point relative to the axis is 
the scalar physical quantity, which is 
equal to the product of mass 𝑚𝑖per 

square of distance 𝑟𝑖to this axis

𝐼𝑖 = 𝑚𝑖𝑟𝑖
2

The moment of inertia of the system of 
material points will be equal to the sum of the 

moments of inertia of individual points.
𝐼 = 

𝑖=1

𝑁

𝑚𝑖𝑟𝑖
2



Moment of inertia depends on 

mass

shape

size of the body’s dimensions

the position of the axis of 
rotation

The moment of inertia of a solid is found by 
integration 𝐼 = න

𝑚

𝑟2𝑑𝑚

The moment of inertia 
is a measure of inert 

properties of a solid in 
a rotational motion 
that depends on the 
distribution of mass 

relative to the axis of 
rotation



Steiner's theorem

The moment of inertia of a body 
relative to an arbitrary axis

The moment of inertia of a body relative to an arbitrary axis 
(𝐼) is equal to the sum of the moment of inertia relative to the 

axis passing through the center of mass(𝐼0)parallel to the 
datum given, and the product of the mass of the body per 

square of the distance between the axes.

𝐼 = 𝐼0 +𝑚𝑑2



Example:

Let’s find the moment of inertia of the rod relative to the axis 
that passes at a certain distance from the end of the rod and 

is perpendicular to the rod.

We have a uniform rod with mass 𝑚 and
length 𝑙.

At first, let’s find the moment of inertia
for the axis passing through the center of

mass.
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Then we apply the Steiner’s theorem

𝐼𝑜′ = 𝐼0 +𝑚𝑑2

𝐼𝑜′ =
𝑚

12
(𝑙2 + 12𝑑2)





Angular momentum

Angular momentum (𝐿) of the material 
point relative to the point 𝑂 is called the 

vector physical quantity, which is equal to 
the vector product of the radius vector Ԧ𝑟, 

carried out from the point 𝑂 to the 
location of the material point, by (on) the 

vector of its linear momentum Ԧ𝑝:

𝐿 = Ԧ𝑟 Ԧ𝑝 = Ԧ𝑟𝑚 Ԧ𝑣

Angular momentum
module of the 
material point:

𝐿 = 𝑟𝑝 sin 𝛼 = 𝑟𝑚𝑣 sin 𝛼



Angular momentum of the body relative to 
the stationary axis of rotation 𝑧.

Angular momentum (𝐿𝑧) of the 
body relative to axis zwill be equal 

to the sum of the projections of 
the angular momentum of 

individual points on this axis:

𝐿𝑧 =

𝑖=1

𝑁

𝐿𝑖𝑧

𝐿𝑖 = 𝑚𝑖𝑣𝑖𝑟𝑖
𝑣𝑖 = 𝜔𝑟𝑖

𝐿𝑧 =

𝑖=1

𝑁

𝑟𝑖
2𝑚𝑖𝜔

𝐿𝑧 = 𝐼𝑧𝜔

𝐿 = 𝐼𝜔



Torque relative to a fixed point.

Torque ( Ԧ𝜏) relative to point 𝑂
is called the vector physical 
quantity, which is equal to 
the vector product of the 

radius vector Ԧ𝑟, carried out 
from the point 𝑂 to the point 
to which the force is applied, 

by force Ԧ𝐹.

Ԧ𝜏 = Ԧ𝑟 Ԧ𝐹

Torque module of the material point: 𝜏 = 𝑟𝐹 sin 𝛼 = 𝐹𝑑



Torque for two forces act

Two forces equal by modulus and directed in 
opposite directions that do not operate along a 
straight line are called a pair of forces.

Distance d between the straight lines along 
which forces act is called the moment arm of 
couple.

The torque module of two forces act equal to 
the product of the force (power) module by 
the moment arm of couple.

𝜏 = 𝑟𝐹 sin 𝛼 = 𝐹𝑑

Change of speed of the angular
momentum for the material 
point is equal to the total torque
of the forces acting on the point.

𝐿 = Ԧ𝑟 Ԧ𝑝
𝑑𝐿

𝑑𝑡
=

𝑑

𝑑𝑡
Ԧ𝑟 Ԧ𝑝 =

𝑑 Ԧ𝑟

𝑑𝑡
Ԧ𝑝 + Ԧ𝑟

𝑑 Ԧ𝑝

𝑑𝑡
𝑑 Ԧ𝑟

𝑑𝑡
= Ԧ𝑣,

𝑑 Ԧ𝑝

𝑑𝑡
= Ԧ𝐹, Ԧ𝑝 = 𝑚 Ԧ𝑣

𝑑𝐿

𝑑𝑡
= Ԧ𝑣 ×𝑚 Ԧ𝑣 + Ԧ𝑟 × Ԧ𝐹 Ԧ𝑣 × 𝑚 Ԧ𝑣 = 0

𝑑𝐿

𝑑𝑡
= Ԧ𝑟 × Ԧ𝐹 = Ԧ𝑟 Ԧ𝐹 = Ԧ𝜏

𝑑𝐿

𝑑𝑡
= Ԧ𝜏



The solid body is a system of material points. 
They are under the act of both internal and 
external forces. The following equation can be 
written for each of these points

𝑑𝐿𝑖
𝑑𝑡

= 𝜏𝑖𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠 + 𝜏𝑖𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠

From the third Newton’s law it follows that the 
total torque of internal forces is zero, so

𝑑𝐿𝑖
𝑑𝑡

= 𝜏𝑖𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠

The velocity of the change of the angular
momentum of the body is equal to the total 
torque of the external forces acting on the body.

The basic law of the dynamics of a solid body rotating around a stationary axis.

𝑑𝐿𝑧
𝑑𝑡

= 𝜏𝑧

𝐿𝑧 = 𝐼𝑧𝜔

𝐼𝑧
𝑑𝜔

𝑑𝑡
= 𝜏𝑧

𝐼𝑧𝜀 = 𝜏𝑧

Ԧ𝜏 = 𝑰𝜺



The law of conservation of angular momentum

𝑑𝐿

𝑑𝑡
= Ԧ𝜏

If external forces do not act on a solid body or their 
ancillary forces do not create a torque relative to the 
axis of rotation, then 𝜏 = 0.

𝐿 = 𝐼𝜔
𝐼𝜔 = 𝑐𝑜𝑛𝑠𝑡

If the external forces do not act on the body or act in such a way
that the resulting moment of these forces relative to the axis of 
rotation is zero, then the angular momentum of the body relative 
to this axis is maintained.

𝐼1𝜔1 = 𝐼1
′𝜔1

′

𝐿 = 𝑐𝑜𝑛𝑠𝑡

Angular momentum of a closed system of bodies remains unchanged.

Kinetic energy of the rotational motion of the body

The kinetic energy of a solid as an additive value is equal
to the sum of the kinetic energies of its individual
particles:

If the body takes part in the translational and rotational
motion simultaneously, then its kinetic energy is

𝐸𝑘 = 
∆𝑚𝑖𝑣𝑖

2

2
𝑣 = 𝜔𝑟

𝐸𝑘 = 
∆𝑚𝑖𝑟𝑖

2𝜔2

2
=
𝜔

2
∆𝑚𝑖𝑟𝑖

2

∆𝑚𝑖𝑟𝑖
2 = 𝐼 𝑬𝒌 =

𝑰𝝎𝟐

𝟐
=
𝑳𝒛
𝟐

𝟐𝑰

𝐸𝑘 = 𝐸𝑘.𝑡 + 𝐸𝑘.𝑟 =
𝑚𝑣2

2
+
𝐼𝜔2

2


