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Differential conductance G as the function of the bias voltage V across the tunnel junction between a normal
metal and an inhomogeneous superconductor with charge density waves �CDW’s� has been calculated by
spatial averaging over random domains with varying superconducting- and normal-state properties. For these
materials, irregularly distorted CDW patterns with spatially scattered values of various parameters were earlier
shown to manifest themselves in a great body of experimental data. The results of the calculations were applied
to explain the well-known dip-hump structure in the G�V� dependence for Bi2Sr2CaCu2O8+� and other high-Tc

cuprates.
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I. INTRODUCTION

Tunnel and point contact spectroscopies are powerful
tools for studying electron spectra in solids. In particular,
while considering the quasiparticle differential conductance
versus bias voltage dependences G�V�—hereafter coined as
current-voltage characteristics �CVC’s�—for tunnel junctions
that involve Bardeen-Cooper-Schrieffer �BCS� supercon-
ductors, their peculiarities reflect the existence of supercon-
ducting energy gaps � in the BCS electrodes. The situation
for junctions with anisotropic, e.g., d-wave superconductors
is to a certain extent more complicated, since gap-driven
features in the resulting densities of states �DOS� are
smeared by averaging over the angle dependences of the su-
perconducting order parameter �OP�.1

The discrepancies arise when nonsymmetric SIN junc-
tions �S stands for a superconductor, I for an insulator, and N
for a normal metal� include high-Tc oxides. In such a case,
G�V�’s lose their symmetricity with respect to the voltage V
sign, so that the conventional equation

G�− V� = G�V� �1�

becomes invalid. The most remarkable features of such a
nonsymmetric behavior for the SIN junctions are different
amplitudes of the coherent peaks in the positive- and
negative-voltage branches and the appearance of the so-
called dip-hump structures �DHS’s�—one per each branch—
that are located at biases larger than the coherent peak posi-
tions. The loss of the symmetry is observed in CVC’s for
junctions that include, e.g., Bi2Sr2CaCu2O8+� �BSCCO�,2–5

Bi2−xPbxSr2CaCu208+�,6 Bi2Sr2Ca2Cu3O10+�,7

�Cu,C�Ba2Ca3Cu4O12+�,8 Tl2Ba2CuO6+�,5,9

TlBa2Ca2Cu2O10−�,10 and HgBa2Can−1CunO2n+2+� �Ref. 11�
as a superconducting electrode. The body of experimental
data is most abundant for junctions with BSCCO electrodes
owing to high reproducibility of the results in this case.
Therefore, below we shall mainly address just data obtained
for the BSCCO oxide, although the DHS should be recog-
nized as common for all hole-doped oxides.10

The majority of SIN junctions reveal a DHS only in one
of the CVC branches. Nevertheless, there are also observed
two symmetrically located DHS’s �one per branch� but with

amplitudes that can differ drastically.10,12 The coherent peak
and the DHS in the same branch are close enough, so that the
difference in the DHS amplitudes or even the DHS emer-
gence in only one branch might be coupled with the differ-
ence between the coherent peak amplitudes. At the same
time, in the G�V� dependences for symmetrical SIS junc-
tions, these structures may appear in both voltage branches at
the same �V� biases and, if so, possess identical widths and
amplitudes.

Unfortunately, we are not aware of any information in the
literature concerning the G�V� dependences for the nonsym-
meric SIS junctions between different high-Tc oxides, al-
though, as will become clear from what follows, such experi-
mental data could be very useful in elucidating the origin of
the G�V� nonsymmetric behavior.

The conventional theory of tunneling in junctions involv-
ing superconductors brings about symmetrical CVC’s, de-
spite whether the junction is symmetrical or not or whether
the superconductor is of the s or d type. A lot of theories
have been proposed to explain such nonsymmetricity, but the
problem has remained challenging since the moment of the
first observations. The attempts to tackle it can be classified
into four groups.

In the first group, the CVC nonsymmetricity is attributed
to some unavoidable technological errors while carrying out
the experiment. This possibility can be ruled out from the
very beginning, because otherwise the reproducible results
could be scarcely obtained in various experimental groups.

In the second group, there are theories that consider the
electron subsystem of high-Tc oxides to be described by a
non-Fermi-liquid theory. For instance, the resonating valence
bond �RVB� theory13 could explain the asymmetry.14 But the
very applicability of the RVB concept to cuprates has not
been proven yet, so that this explanation seems to be rather
exotic. Moreover, there are some specific difficulties origi-
nating from the absence of the electron-hole symmetry in the
RVB-based models. Such kind of symmetry loss had to ham-
per Andreev reflections in junctions involving high-Tc cu-
prates, which is not the case.15

The rest of the theories couple the observable CVC non-
symmetricity with the inherent properties of the system, for
which the Fermi liquid theory is considered valid. These
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theories are in turn divided in half: those which consider the
violation of rule �1� below the critical temperature Tc of the
superconducting electrode as a result of the quasiparticle
properties just in the superconducting phase �group 3 of our
classification� and those which regard the parameters of this
electrode in the normal phase—i.e., above Tc—to be respon-
sible for the phenomenon concerned �called group 4; see,
e.g., Refs. 16–18�. Any of the group-4 theories results in
CVC nonsymmetricity below Tc because in this case “sym-
metrical” superconductivity emerges against the “nonsym-
metrical” background. There is a lot of evidence �at least in
BSCCO and related compositions� that the pseudogap fea-
ture, which we attribute just to the CDW, coexists with a
superconducting gap below Tc within a wide doping
range.16,17,19–30

Therefore, the latter viewpoint seems to us more plau-
sible. Those who proclaim the former �group-3� one advance
various indirect arguments in favor of their position.31,32 In
particular, the authors of Ref. 32 assumed that an interplay
exists between the superconducting gap and the so-called
pseudogap � of the nonsuperconducting nature, both gaps
having d symmetry. Then, using a specific procedure they
demonstrated for the case of the symmetric junction that dips
are not deep enough to make G�V� negative at any V. At the
same time, in some experiments such values were observed
indeed.2,33 Therefore, a conclusion was drawn32 that the non-
superconducting origin of the DHS can be excluded alto-
gether. We stress that this result was obtained only in the
approach of Ref. 32. Below we shall show that just the
pseudogap of nonsuperconducting origin can be the cause of
the nonsymmetric CVC’s.

Another argument of the same experimental group is that,
while doping a high-Tc superconductor, the positions of the
superconducting gap � feature and the DHS
correlate.10,12,19,34 In this connection, it should be empha-
sized that doping can also influence the properties of the
normal phase. From this point of view, it would be very
instructive, in principle, to examine CVC’s of tunnel junc-
tions involving high-Tc oxides at temperatures T above Tc.
They could be a real criterion of the validity of those theo-
ries, because in this case CVC’s must be perfectly symmetri-
cal above Tc. Unfortunately, information is rather scarce in
this case and vague because all pseudogap-related features
become smeared with T. Nevertheless, attention should be
drawn to the fact that even for symmetric junctions some
experimental CVC’s involving BSCCO35–37 and measured
above the corresponding Tc are actually nonsymmetric. It
comes as no surprise that nonsymmetric junctions demon-
strate a similar asymmetry.3

Theories belonging to the fourth group, in their turn, are
based on different models. For instance, a possible CVC
asymmetry in BSCCO may be due to a van Hove singularity
in the quasiparticle spectrum located not exactly at the Fermi
level.38 Additionally, the availability of the electron spectrum
van Hove singularity might explain an apparent gap aniso-
tropy of BSCCO, no matter what the symmetry of the super-
conducting OP is: d-wave or extended s-wave one.39,40 The
problem consists in the absence of an unequivocal proof that
the van Hove scenario11,40–43 is valid. Of course, other ways
of electron-hole symmetry violation as an origin of the CVC
asymmetry are also possible.44

Nevertheless, both the van Hove scenario and any fourth-
group-related theory were refuted in Ref. 12 �see also a more
detailed theory in Ref. 32�, where it was shown experimen-
tally that DHS’s are possible in both CVC branches for SIN
junctions. Instead, the authors of Refs. 12, 32, and 45–49
explain the presence of the DHS as a manifestation of strong-
coupling superconducting effects, conspicuous due to the
quasiparticle interaction with a certain boson mode. In par-
ticular, the emphasis has been made45 on the likely spin-
wave origin of this mode, which is, at the same time, the
mediator in the d-wave Cooper pairing. But in this case the
DHS must always be observed symmetrically in both CVC
branches, with the whole CVC’s for SIN cuprate-based junc-
tions being symmetrical, which contradicts the
experiment.2–4,6–9,11,12 It should be noted that the coupling in
cuprates is claimed12,32,45–48 to be so strong that the signa-
tures of the electron-boson interaction at energies eV=�0,
where e�0 is the elementary charge and �0 is the relevant
mode frequency, are conspicuously observable not only in
the second derivative d2J /dV2 of the tunnel current J, which
is typical of conventional superconductors with an electron-
phonon mechanism of superconductivity,50 but even in the
first derivative dJ /dV�G�V�—as a deep DHS. The repre-
sentation of a localized boson as a “defect,” which strongly
scatters electrons,52,51 constitutes a theoretical basis for such
views.

We consider that the DHS occurs due to the overlap of the
coherent peaks induced by Cooper and pseudogap pairing. In
this model, the hump is no more than the modified �smeared�
peak caused by the pseudogap, while the dip is simply a
transitional region �the “valley”� between those two peaks.
Below we demonstrate that this model can properly describe
the experimental results. The first key point of our theory is
the interpretation of the pseudogap as a gap in the quasipar-
ticle spectrum, driven by charge density waves �CDW’s�.
Such an interpretation is directly supported by observations
of periodic structures in BSCCO taking advantage of various
experimental methods.53–66 Photoemission studies reveal the
4a0�4a0 charge-ordered “checkerboard” state �a0 is a lattice
constant� in Ca2−xNaxCuO2Cl2,67 and tunneling measure-
ments visualized the same kind of ordering in BSCCO.66 A
dynamical charge inhomogeneity probably connected to the
stripe order was recently observed in La2−xSrxCuO4 �with x
=0.07,0.15�.68 There is also a lot of indirect evidence in
favor of the important role of CDWs in cuprates.16,17 From
the theoretical point of view, one should mention a number
of other studies in which CDW scenarios for different super-
conductors were suggested and developed.23,29,59,69–74

It is important to emphasize that both the bidirectional
�checkerboard� and the unidirectional �stripelike� CDW’s
have much in common in the sense of how they influence
superconductivity, although the microscopic origin of vari-
ous kinds of charge ordering �phase separation� might be
different.29,40,59,75

As for the competitive character of the relations between
Cooper pairing and CDW’s, it has been extensively studied
theoretically and unambiguously proven experimentally, e.g.,
for such varying materials as �Lu1−xScx�5Ir4Si10 �Ref. 76� and
CuxTiSe2.77

The self-consistent theory of CDW superconductors �CD-
WS’s� was developed by us earlier78 on the basis of the
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Bilbro-McMillan model79 for the superconducting transition
in a partially gapped metal, with both gaps, superconducting
� and dielectric 	, having s symmetry. Although there is a
predominant opinion that the superconducting gap in high-Tc
oxides has d symmetry,80–85 nevertheless, there are also ex-
perimental results and sound considerations �see, e.g., Refs.
86–90� that this issue still remains open. In particular, the
authors of Ref. 91, inspired by an apparent success of the
two-gap picture of superconductivity in MgB2,92 proposed a
similar phenomenological two-gap s+d scheme to explain
the existence of the inflection point in the T dependence of
the in-plane magnetic penetration depth for La1.83Sr0.17CuO4.

Concerning the pseudogap, a discussion of its nature ex-
isted at the very beginning.93 In any case, attempts to simu-
late even the principal features of the experimental G�V�
dependences assuming OP d symmetry face difficulties; i.e.,
it is impossible to describe simultaneously the G�V� shape in
the intragap region, the heights of coherent peaks at the gap
edges, and the DHS features,94 even if an additional angle
weighting factor g�
� is inserted into the expression for the
tunnel DOS in an ad hoc manner.7,32,94,95 Therefore, we have
supposed isotropic s symmetry for both the superconducting
�SOP� and dielectric �DOP� OP’s and, according to our nu-
merical results given below, the assumption turned out to be
quite satisfactory from a practical point of view.

In this connection, we emphasize that the aim of the work
is not to explain in detail the behavior of G�V� in the whole
bias voltage interval but rather to simulate both gaplike fea-
tures. One of them is the DHS structure smeared by the
intrinsic inhomogeneities of oxides �it is the second key
point of the theory proposed�. It should be mentioned that a
substantial quenched disorder should affect the unidirection-
ality of different CDW-like structures,96 a problem not
touched by our semiphenomenological approach.

In this work, only nonsymmetric SIN junctions are stud-
ied. The justification of our approach in the case of SIS ones
remains the same, but calculations turn out to be more in-
volved. Hence, SIS junctions will be considered in a separate
paper.

II. THEORY

A. CDW superconductors

The detailed formulation of the self-consistent theory for
a homogeneous partially gapped CDWS can be found
elsewhere.78 Here, we shall point out its fundamental fea-
tures relevant to the subject concerned.

The Fermi surface �FS� of the ungapped homogeneous
CDWS �i.e., above both superconducting-transition, Tc, and
CDW �structural-transition�, Td, critical temperatures� in-
cludes �i� two congruent �“nested,” i=1,2� sections, where
the degenerate �d� quasiparticle spectrum branches �1,2�p�
reckoned from the common Fermi level are linked according
to the relationship

�1�p� = − �2�p + Q� , �2�

Q being the CDW vector, and �ii� the remaining part �i=3�,
where the quasiparticle spectrum �3�p� is nondegenerate �n�.

The extent of such an FS partition is described by a param-
eter

� =
Nd�0�

Nd�0� + Nn�0�
, �3�

where Nd�0� and Nn�0� are the quasiparticle DOS at the d
and n FS sections, respectively. The parameter � does not
change with temperature and by definition falls within the
interval 0�1 �partial gapping79�. The CDWS Hamil-
tonian includes the interaction terms responsible for dielec-
tric and superconducting gapping of the FS. The dielectric
gapping on the d sections may occur due to either the
electron-hole �Coulomb� interaction �the excitonic
insulator�97,98 or the electron-phonon one �the Peierls
insulator�.99 The superconducting gapping is a result of the
conventional BCS electron pairing and spans the whole FS.
Had the constant of interaction that is responsible for the
dielectric gapping of the FS been switched off, one would
have obtained a “parent” BCS superconductor, characterized
by the “bare” zero-T order parameter �0

*; i.e., the corre-
sponding critical temperature �fictitious� would have been
Tc

*= �
��0

* ��=1.7810. . . is the Euler constant, and the Boltz-
mann constant kB=1� and within the interval 0�T�Tc

* its
OP �* would have varied following the Mühlschlegel depen-
dence �*�T�=�0

*Mü�T /Tc
*�, with Mü�0�=1.100 Accordingly,

a uniform gap �*�T� would have developed on the whole FS
within this T interval. On the other hand, if the constant of
interaction that is responsible for the superconducting pairing
had been switched off, we would have had, at TTd

*, a par-

ent CDW-metal �CDWM� phase with the dielectric OP 	̃*

=	*ei�, characterized by the amplitude 	* and the phase �.
The phase � does not depend on T, is fixed by various fac-
tors both in the excitonic101 and Peierls99,102 scenarios, and
acquires the value either 0 or � in the first case or an arbi-
trary value in the Peierls state. The dielectric OP amplitude is
	*�T�=	0

*Mü�T /Td
*�, with the zero-T amplitude 	0

*= �
� Td

*.
Then, a uniform gap 	*�T� would have developed on the d
sections of the FS, the n section remaining ungapped �undi-
electrized�. Of course, the SOP �* should also be character-
ized by a certain phase, but the latter does not enter into bulk
thermodynamic and transport characteristics and can be put
equal to zero from the very beginning. Neglecting the super-
conducting OP phase means that the Josephson currents in
junctions involving CDWS’s103 are eliminated from consid-
eration here from the outset. The parameters �, �0

*, 	0
*, and �

comprise a complete set of “bare” parameters to describe the
CDWS.

In the framework of the self-consistent theory of the par-
tially gapped CDWS, the superconducting and dielectric
gappings can coexist only if the relationship

	0
* � �0

* �4�

is satisfied.78 Hence, as the temperature becomes lower, the
CDWS undergoes first the dielectric �structural� phase tran-
sition at the actual Td, which therefore coincides with Td

*

�Td
*=Td�. As the temperature continues to decrease, the

CDWS behaves as its CDWM parent phase; i.e., the OP
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	̃�T� = 	̃0
*Mü�T/Td� �5�

and the corresponding dielectric gap �	̃�T�� on the d FS sec-
tions develop, until the actual superconducting critical tem-
perature TcTd is reached. From this point of view, we may
assert that superconductivity emerges in a dielectrically
gapped CDWM, and, owing to condition �4�, the dielectric
gapping must be partial for the superconducting state to have
a chance to appear. Here, we shall not deal with the more
subtle problems of the coexistence between competing su-
perconducting and excitonic �Peierls� pairings due to either
an additional doping of the initial degenerate semimetallic
state98,104 or a substantial difference of the cutting factors in
the self-consistency equations for both kinds of order
parameters.105,106

Since, in our case, quasiparticles at the nested sections of
the FS already participate in CDW pairing, their ability to
take part in the superconducting one is reduced, so that the
actual Tc does not coincide with Tc

* of the superconducting
parent phase. Within the interval 0TTc, the resulting
self-consistent OP � behaves as

��T  Tc� = �0Mü�T/Tc� , �6�

with

�0 = ��0
*	0

*−��1/�1−��  �0
*, �7�

which, in its turn, determines the observable superconducting
critical temperature, Tc= �

��0, and the gap ��T� on the n FS
section. The gap ��T� is unique on the whole FS due to the
strong mixing of the pairing interaction matrix elements.79,107

Within the same temperature interval, the CDW-induced
quasiparticle properties are also modified by the emergence
of � in comparison to those in the parent CDWM phase. As
a result, the dielectric OP 	�T� behaves at TTc not similar
to dependence �5� but in a rather nontrivial manner. Namely,
the “combined” uniform gap

D�T� = ��2�T� + 	2�T� �8�

appears on the d FS sections and behaves identically to Eq.
�5�,

D�T  Tc� = 	0
*Mü�T/Td� . �9�

It means that Eq. �9� comprises a smooth continuation of the
“purely dielectric” 	�T� gap existing in the range TcT
Td into the TTc region. The 	�T� dependence at TTc is
determined by Eqs. �6�, �8�, and �9�, and its nontrivial behav-
ior consists in a monotonous decrease as T tends to zero. If
Tc and Td are close enough for a definite set of parameters
�� ,�0

* ,	0
*�, the DOP 	 can even become smaller than the

SOP �, in spite of the TcTd inequality, whereas the gap D
is always larger than the gap �. The parameters �, �0
=��T=0�, and D0=D�T=0�, as well as the phase �, consti-
tute a complete “experimental” set of parameters, from
which the “theoretical” set �� ,�0

* ,	0
* ,�� can be readily de-

duced and vice versa.
In what follows, the Green’s functions �GF’s� of the

CDWS will be used as input quantities. To calculate quasi-
particle tunnel currents only three of them are necessary:16

Gn
CDWS�p,�n� = −

i�n + �3�p�
�n

2 + �3
2�p� + �2 , �10�

Gd
CDWS�p,�n� = −

i�n + �1�p�
�n

2 + �1
2�p� + D2 , �11�

Gc
CDWS�p,�n� = −

	̃

�n
2 + �1

2�p� + D2 , �12�

where �n= �2n+1��T, n=0, ±1, ±2, . . ., which can be de-
rived following the usual technique.108 The first and second
GF’s �n and d� correspond to the quasiparticle propagation
from the relevant FS section: n or d. The Green’s function
Gc

CDWS corresponds to the electron-hole interaction between
quasiparticles from different d FS sections. It describes the
CDW pairing and to a certain extent is analogous to the
Gor’kov Green’s function F of BCS superconductors.100

B. Quasiparticle tunnel current

First, it is necessary to comment on the isotropy of the
problem. Both � and 	 are assumed s-wave symmetrical
OP’s. Nevertheless, the FS is actually anisotropic, since re-
lation �2� implies effective deviations from its sphericity at
least at the d sections. The degree of FS distortion is just
described by the parameter �. Therefore, generally speaking,
the tunneling should be directional.109–112 However, in our
phenomenological approach we assume all matrix elements
of the tunnel Hamiltonian113 equal, so that a complete loss of
directionality takes place. Additionally, the loss of the CVC
directionality may be caused by the presumed nonhomoge-
neous patch structure of the CDWS �see below�.

The quasiparticle tunnel current J through the SIN junc-
tion between a homogeneous CDWS and a normal metal is
calculated according to the Larkin-Ovchinnikov approach.114

In our case, it is a sum of three terms Ji,

J�V� = �
i=n,d,c

Ji�V� , �13�

of the same structure

Ji �
1

R
Re 	

−�

�

d��	
−�

�

d�
Im Gi

CDWS����GN���
�� − � + eV + i0

. �14�

Here, R is the tunnel resistance of the junction in the normal
state and V�VN−VCDWS is the bias voltage across the junc-
tion reckoned from the potential of the CDWS electrode.
Thus, each component of the tunnel current is a function of
the product of two temporal Green’s functions: the normal-
metal one GN��� and that for the CDWS, Gi

CDWS���. The
latter can be obtained from the corresponding temperature
Green’s function of the CDWS �10�–�12� by a well-known
procedure.103,114 The explicit expressions for the current
components are

Jn =
�1 − ��

4eR
	

−�

�

d�K��,V,T����f��,�� , �15�
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Jd =
�

4eR
	

−�

�

d�K��,V,T����f��,D� , �16�

and

Jc =
�	 cos �

4eR
	

−�

�

d�K��,V,T�sgn���f��,D� , �17�

where

K��,V,T� = tanh
�

2T
− tanh

� − eV

2T
�18�

and

f��,x� =

���� − x�
��2 − x2

. �19�

One should note that the coexistence of two kinds of gaps
in the cuprate tunnel spectra has also been taken into account
in a different way.115 Namely, those gaps were regarded as
coherent and incoherent ones. According to the latter sce-
nario, spatial modulations of the coherent gap reveal
themselves116 as the checkerboard patterns observed in the
tunnel spectra of BSCCO.61,63,67,117–119

The feature points of the CVC for the quasiparticle cur-
rent �13� through the CDWS-I-N junction are located at bi-
ases eV= ±� and ±D. The main distinction from the CVC in
the BCS-superconductor-I-N case is the absence of CVC
symmetricity with respect to the inversion of the bias voltage
sign �it is exactly what is required by the experiment�. Since
there are three Green’s functions of the CDWS �10�–�12�, the
total current �13� the CDWS-I-N junction is composed of
three components: Jn, Jd, and Jc �against only one component
in the BCS-I-N case�. One can easily check that the sym-
metricity of the currents Jd, Eq. �16�, and Jn, Eq. �15�, is the
same as for tunnel junctions with normal metals and super-
conductors,

Jd,n�− V� = − Jd,n�V� , �20�

while

Jc�− V� = Jc�V� . �21�

The anomalous behavior of the Jc current component is di-
rectly connected to the dependence of the Green’s function
�12� on 	 rather than on 	2. The summation of two antisym-
metric components �20� and a symmetric one �21� makes the
total quasiparticle current and the corresponding quasiparti-
cle conductance nonsymmetric.

A more detailed analysis16 shows that the main role in
determining the J�V� behavior belongs to the components Jd

and Jc, because their logarithmic singularities, as is seen
from Eqs. �11� and �12�, are located exactly at eV= ±D and
the character of their asymptotes at eV→ ±D is very similar,
while the symmetrical properties �20� and �21� are different.
Therefore, the CVC peculiarities of the Jd and Jc components
at eV= ±D can either enhance or compensate each other. In
the latter case, the logarithmic singularity can even be trans-
formed into a cusp �in the limit �→0�. The degree of mutual
enhancement or compensation depends on the value of �.

Moreover, the degree � of the dielectric FS gapping affects
the relationship between the components Jd and Jc, on the
one hand, and the component Jn, on the other hand �see the
preintegral factors in Eqs. �15�–�17��. Such a nonsymmetric-
ity of the G�V� dependence for tunnel junctions involving
CDWSs and the degree of its manifestation, which, in prin-
ciple, is controlled by all the model parameters, constitutes
one of the key points of the proposed theory.

It should be noted that CDW-driven gaps should manifest
various features, which were described above, in the absence
of superconductivity as well.120 This has been clearly dem-
onstrated in recent tunnel measurements of stacked structures
of the Peierls insulator NbSe3 �the symmetric junctions
CDW-I-CDW�.121

C. CDWS inhomogeneity

The second key point of our theory is connected with the
intrinsic nonhomogeneity of the CDWS state in high-Tc cu-
prates, which is inherent even to the best BSCCO single-
crystal specimens. First of all, we would like to point to
regular modulated structures of charge distribution in
BSCCO, including stripelike and checkerboard ones, which
were found in a number of experiments �see, e.g., Refs.
53–62 and 65–68�. Such modulated structures remarkably
resemble CDW’s, and their appearance even correlates with
that of the pseudogap.61 A two-dimensional DOS modulation
with an approximately five-lattice-constant periodicity was
also found by scanning tunnel microscopy �STM� in the cu-
prate Bi2Sr1.6La0.4CuO6+� with Tc
34 K.122 In
La2−xSrxCuO4, inelastic neutron-scattering measurements
showed that a dynamic charge inhomogeneity of the stripe-
order type reveals itself as a strong bond-stretching phonon
anomaly.68 The dynamical 4a0�4a0 charge order was
claimed to be uncovered in BSCCO and, quite reasonably,
was considered as a possible candidate for the hidden order
in the pseudogap regime of pure bulk crystals.66 It should be
indicated that although the existence of a CDW-like ordering
in BSCCO is supported by the analysis of the experimental
data,59 it is not clear yet whether CDW’s in this material are
unidirectional �stripes� or bidirectional �checkerboard�
ones.123 The uncertainty is due to the quenched impurity
potential.96,123,124

Indeed, it is well known that the superconducting gap and
pseudogap values are distributed over the samples’ surfaces
of high-Tc oxides in a patchlike irregular manner. We insist
on our interpretation that small energy gaps with large and
narrow coherence peaks and larger gaps with lower and
broadened peaks have a different nature and are generated by
superconducting and CDW OP’s, although many authors
consider both types of gaps as associated with
superconductivity.124 The evidence for such inhomogeneities
in the BSCCO and related systems is rather strong and was
obtained by various methods �see, e.g., Refs. 19, 28, 59, 60,
65, 66, 68, and 125–138�. In particular, STM measurements
of Bi2−xPbxSr2CuOy oxides demonstrated separation in speci-
mens with the SOP � ranging within the limits of
13-30 meV over a �12.5�12.5�-nm22 area.132 At the same
time, the dependence G�V� measured for some areas exhib-
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ited a pseudogaplike behavior with ��30 meV. It should be
noted that the gap histogram plotted in the work132 did not
make any distinction between � and �. A similar picture was
observed for almost optimally doped BSCCO specimens:133

STM spectra revealed 30-Å spots with “low” �25-30 meV�
and “high” �50-75 meV� values of the gaps. In a trilayer
material TlBa2Ca2Cu2O10−�, a wide spread of apparent �
from 12 to 71 meV exists.10 Among the gaps, these authors
separate out smaller ones ranging from 12 to 21 meV
�coined by them as gap I� and larger ones ranging from
35 to 71 meV �gap II�. There are junctions with CVC’s
showing only gap I. There are junctions with CVC’s demon-
strating only gap II. Finally, there are junctions with two
gaplike features with faint signatures of the smaller gap at
about 20 meV. This selectivity may be partly due to the di-
rectionality of tunneling.

Nanoscale electronic disorder of superconducting proper-
ties in optimally doped single-layer Bi2Sr1.6L0.4CuO6+� �L
=La or Gd�, as well as in BSCCO single crystals, was also
revealed by STM measurements.137 As distinct from the re-
sults of Refs. 10 and 133, the gap histogram for BSCCO137

may be rather considered as a wide distribution around a
single mean value. At the same time, histograms for
Bi2Sr1.6La0.4CuO6+� and, especially, Bi2Sr1.6Gd0.4CuO6+� can
be regarded as two-gap patterns.137

Heterogeneity in all listed cases was observed owing to
the short coherence length of oxide superconductors, �0

15–20 Å. Because of proximity effects, the obtained spec-
tra constitute a structure which is already averaged to a cer-
tain extent, so that even for STM spectra centered around
two mean gap values neither small nor large gaps could be
unequivocally identified with � and � �in our interpretation,
� and 	�. It is worth mentioning that in BSCCO, the peak
heights at the gap edges are larger for patches with smaller
gap values.133 More direct evidence for the gap-pseudogap
interplay was found in interlayer tunneling studies of
BSCCO mesa structures.28 Namely, both features coexisted
in the same G�V� dependences resembling earlier results.25,26

We stress that the employment of the short-pulse technique
in Ref. 28 rules out the overheating origin of the correspond-
ing double-gap spectra. This problem was first raised for
BaPb1−xBixO3 ceramics139,140 and later discussed for BSCCO
mesas141–145 and semimetallic SrPbO3−� with partially local-
ized charge carriers.146

One sees that BSCCO and other Bi-based oxides seem to
be rather unstable against some types of irregular phase sepa-
ration, in contrast with, e.g., YBa2Cu3O6+y.

147 The relative
stability of the latter substance is associated with a much
higher uniformity of the hole doping distribution in compari-
son to that in the BSCCO system.

It is remarkable that an inherent inhomogeneity was also
indirectly observed in such copperless oxides as
BaPb1−xBixO3 �Refs. 139 and 140� and Ba1−xKxBiO3.148

The microscopic nature of the random nonhomogeneities
in BSCCO and other hole-doped cuprates is not fully under-
stood. Nevertheless, apparent positive correlations between
dopant positions and gap peak heights were observed.127,129

Since oxides are disordered nonstoichiometric
compounds,149 inhomogeneity of their electronic properties
is inevitable. For instance, electronic DOS inhomogeneities

induced by doping-induced disorder were detected by STM
and photoemission measurements in single crystals of the
nonsuperconducting Ca2−xSrxRuO4 with 0.1�x�2.0.150

The gap-dopant position correlations were explained151 at
the semiphenomenological level by introducing random
modulations of the local pair potential in the site-dependent
BCS theory. It was also found in photoemission
measurements152 that every oxygen dopant induces a small
and broad nondispersive peak at −0.8 eV and the dopant
states hybridize with those of Cu atoms in the superconduct-
ing plane of BSCCO. Notwithstanding a certain agreement
between the theory151 and the STM nonhomogeneity
observations,129 we think that the treatment cannot be fully
adequate without invoking CDW’s �pseudogaps�.

The correlation between the superconducting gap at the
FS and the strength of the coupling constant151 was con-
firmed in Ref. 153, and, moreover, in agreement with the
experiments,65 an anticorrelation between ��0� and the rel-
evant boson mode energy, responsible for superconductivity,
was found in the disordered oxide structure �see below�.

Until now we have been talking about the first derivative
G�V� of the quasiparticle current J�V�. If not to follow the
questionable viewpoint12,32,45–48 that strong-coupling features
manifest themselves already in G�V�, one should examine
the second derivative d2J /dV2 to elucidate the microscopic
origin of superconductivity. The peculiarities of d2J /dV2

must indicate relevant frequencies of boson mediators in the
actual Cooper pairing,50 whatever the pairing boson-
exchange mechanism.

As for the latter, we note that, in the case of BSCCO and
other cuprates, adopting the d-wave symmetry of the super-
conducting OP as at least a predominant one80,84,154–156 led to
the conclusion that the underlying mechanism of supercon-
ductivity is Coulombic.155 Therefore, the Hubbard model be-
came extremely popular155,157–160 and spin-wave resonance
excitations observed in many high-Tc oxides161–166 are of-
fered as a true source of the Cooper pairing there.45,167,168

Other investigators either advocate more traditional phonons
as a glue for paired electrons169,170 or consider the interplay
of both mechanisms.156 In any case, estimations show that in
spite of the importance of the resonant mode in determining
the photoemission and optical properties of cuprates, the
smallness of the relevant spin-wave peak spectral weight
makes its dominant role as a pairing boson impossible.171 On
the other hand, even for the lattice-vibration-induced super-
conductivity the latter might have a bipolaronic �Bose-
Einstein� character rather than a BCS one.172 Then, the very
shape of the G�V� dependence would be different.115,173,174

Recent experiments clearly demonstrated that the phonon
scenario is more probable. Specifically, peaks in d2J /dV2

seem to be caused by local lattice vibrations, since the sub-
stitution of 18O for 16O reduces the average mode energy by
about 6%.65 The idea175 �see also Ref. 176� of an inelastic
�via apical oxygen-atom phonons� tunneling between the
topmost CuO2 layers in BSCCO samples and STM tips
qualitatively agrees with the experiments concerned. Never-
theless, boson satellites, according to Ref. 175, should no-
ticeably distort the first derivative G�V� as well.

STM measurements65 revealed several peculiarities of
d2J /dV2. The main local phonon-mode energies ��r� are
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easily identified and rapidly vary with the two-dimensional

spatial coordinate r. Its mean value �̄ is 52 meV with a

statistical spread of ±8 meV. We emphasize that �̄ does not
coincide with the dip or hump positions and, in our opinion,

the DHS has another origin than �̄ does. The distributions
��r� and ��r� anticorrelate, whereas the oxygen-dopant lo-
cations O�r� positively correlate with ��r�. Hence, the intrin-
sic nonhomogeneity of electron and phonon characteristics
has a profound effect on the superconductivity of BSCCO
oxide.

III. RESULTS OF CALCULATIONS

As was shown above, the CDWS can be characterized by
either of the parameter sets �� ,�0

* ,	0
* ,�� or �� ,�0 ,D0 ,��.

In calculations below, the former one will be used as more
convenient to treat the CDWS nonhomogeneity.

Generally speaking, each of the model parameters may
have a certain dispersion, and all four can be scattered con-
currently, in accordance to what happens in cuprates. But it
would be very difficult to analyze the results of such calcu-
lations. Therefore, we shall consider the variation of each
parameter independently; we shall also do it to trace the ten-
dency which each such variation might bring about. The ba-
sic formulas which are needed for this analysis are Eqs. �6�,
�7�, and �9�. The main reason is that it is the gaps � and D
that determine the positions of CVC singularities eV= ±�
and ±D in the dispersionless case.

First, we consider the phase �. This parameter does not
enter the set of equations listed above and, hence, does not
influence the singularity positions. Its role was discussed in
detail in Sec. II B. Figure 1 illustrates this role in the case of
an SIN junction, which includes a CDWS electrode with

dispersionless parameters �0
*, 	0

*, and �, the specific values
of the latter being chosen in accordance with the experimen-
tal data for the BSCCO-I-N junction.2 If the voltage is reck-
oned from the potential of the CDWS electrode, the value
�=0 results in the largest possible mutual enhancement of
the Jd and Jc peculiarities at the bias eV= +D and their larg-
est possible compensation at eV=−D. On the contrary, if �
=�, the largest enhancement of the resulting singularity oc-
curs at eV=−D and the largest compensation at eV= +D. If
�=� /2—i.e., cos �=0—the antisymmetric component Jc
vanishes, so that the CVC becomes symmetric. Since the
parameters of the CDWS electrode are constant over the
bulk, the singularities are slightly smeared only by thermal
effects at T�0. The dependence for cos �=−1 will serve
�see explanations below� as a reference for one of our sub-
sequent calculations, which accounts for the dispersion of the
CDWS parameters. But while comparing the amplitudes of
the singularities, it is evident that, e.g., in the case �=0, the
dispersion concerned would maximally affect the CDW-
driven peculiarity at eV=D. Any spatial spread of the phase
� would result in the reduction of the averaged �cos �� and
the transformation of the CVC to a more symmetrical pat-
tern. Some experimental results do demonstrate almost sym-
metrical CVC’s for nonsymmetric SIN junctions �see, e.g.,
Ref. 12�. As is clear from the discussion above, in the frame-
work of our theory it can be achieved in two ways: if either
the value of � in the CDWS electrode is close to � /2 or the
averaging over � occurs.

The majority of nonsymmetric CVC’s for SIN junctions
reveal the DHS only in its negative-voltage branch2–4, thus,
the occupied CDWS electron states below the Fermi level
are probed. In our approach, it corresponds to the phase �
close to �. This phenomenon may be associated with some
unidentified features of the CDW behavior near the sample
surface. The explanation of this fact can be done only at the
microscopic level, which is beyond the scope of our study.
Therefore, in what follows, we confine our calculations to
the case �=�. Now, the spatially nonhomogeneous CDWS
electrode can be described by the dispersion of any of the
remaining three parameters �� ,�0

* ,	0
*�. Each parameter x

was regarded as independently distributed within the interval
�x0−� ,x0+�� around the mean value x0; the normalized
weight function

W�x� =
15

16�5 ��x − x0�2 − �2�2 �22�

within the interval �x0−� ,x0+�� and equal to zero beyond it
was used. This polynomial ensures a smooth vanishing of the
function W�x� together with its first derivative outside the
indicated interval. As a result, it leads to smoother G�V� than
the Gaussian approximation used in Refs. 153 and 177 when
analyzing the effects of SOP inhomogeneity in cuprates. In
principle, the specific form of the weight function W�x�
should be either derived from a microscopic theory or taken
from the experiment. However, since our approach is phe-
nomenological, the function W�x� can be regarded as a
model one. At the same time, it is obvious that the replace-
ment of function �22� by any other, which is centered around

FIG. 1. �Color online� Influence of the parameter � on the de-
pendence dimensionless differential conductance RdJ /dV=RG�V�
of the tunnel junction between a homogeneous charge-density-wave
superconductor �CDWS� and a normal metal versus the bias voltage
V across the junction expressed in energy units. Here, J is the qua-
siparticle tunnel current, R is the resistance of the junction in the
normal state, and e is the elementary charge. The bare CDWS pa-
rameters are �0

*=20 meV, 	0
*=50 meV, and �=0.1; the tempera-

ture T=4.2 K.
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x0, could lead only to numerical differences in the final result
of an order of a few percent, leaving the basic conclusion of
the work unchanged.

We note that our method as well as the related approaches
of Refs. 153 and 177 deals with the averaging of the OP’s
themselves, whereas one may alternatively start from the
mean-field Hamiltonian with a lattice-site impurity
disorder.178 The independent averaging over different param-
eters of the problem can be justified if one takes into account
that � and 	 are induced by different combinations of bare
coupling constants.79,106,179

A similar assumption was made in Ref. 153 while treating
spatially distributed coupling constants and boson frequen-
cies in nonhomogeneous cuprates. Other phenomenological
approaches to the problem of the cuprate nonhomogeneity
were applied there as well. Specifically, a random impurity
field,96 a Hamiltonian with a lattice-site impurity disorder
and two sorts of randomly distributed cells with different gap
parameters,124 and a quenched finite-range impurity
potential123 were introduced.

Consider now the dispersion of the bare SOP �0
*. Accord-

ing to our basic equation set, the scatter of �0
* can influence

only the position of the eV= ±� peculiarities, leaving the
eV= ±D ones untouched. Figure 2 illustrates the correspond-
ing G�V� curves for various scattering amplitudes �the pa-
rameter � in Eq. �22��. It is evident that at higher dispersions
of �0

* the profile of G�V� in the intragap region approaches
the V-like experimental data, which are usually considered as
the clear-cut consequence of the dx2−y2 symmetry of the su-
perconducting order parameter or at least an extended
s-wave symmetry �see the classification of the pairing states
in Refs. 180–182�. The V-like intragap asymptotics of G�V�
is of no surprise, because, from the mathematical point of
view, averaging over the spatial distribution of the gap would
give rise to results similar to those obtained when averaging
over the SOP angle in the k space. At the same time, the
D-driven singularities remained almost intact and no struc-
tures similar to the dip-hump are observed. Therefore, the
dispersion of the �0

* parameter alone turns out insufficient to
explain the experimental data. It should be pointed out that,

if the same kind of calculations had been made, say, for an
extended s-wave SOP, one would have required a smaller or
no dispersion ��0

* to reach the same intragap filling as in Fig.
2, because the SOP nodes themselves, if any, might have
substantially contributed to the V-like character of G�V� at
V�.

A similar situation occurs for the parameter �. Really, the
variation of this parameter influences only the position of the
eV= ±� peculiarities, leaving the eV= ±D ones fixed, as it
was in the previous case. Moreover, the resulting CVC’s for
those � values, which are typical of CDWS’s �0.05-0.2�, turn
out indistinguishable for a naked eye. For this reason, in Fig.
3, we illustrate the role of the parameter � dispersion using a
very high value 0.5 for the parameter x0 in function �22�. As
can be deduced from a comparison of Figs. 2 and 3, the roles
of the spread of the parameters �0

* and � are analogous.
Those two figures �compare the relationship between the am-
plitudes of the ±� and ±D singularities in them� also give
evidence for another role of the parameter �—namely, that it
governs the amplitudes of the quasiparticle current compo-
nents �see Eqs. �15�–�17��—so that the proper selection of �
may diminish the Jd and Jc currents to such values when
even a small dispersion of another parameter may totally
smear the eV=−D singularity to the DHS. But such values of
� would be very small, thus being of academic interest only.
Hence, the spread of the parameter �, similarly to that of �0

*,
cannot explain alone the emergence of the DHS. At the same
time, � effectively governs its amplitude �see below�.

The results of calculations resemble the observed G�V�
dependences for BSCCO much more if it is the parameter 	0

*

that is assumed to scatter �Fig. 4�. Indeed, according to our
basic equations, all four CVC peculiarities eV= ±� and ±D
become smeared, although to various extents: the large sin-
gularities eV= ±� almost preserve their shape, the large sin-
gularity eV=−D transforms into a DHS, and the small one
eV=D disappears on the scale selected. The one-polarity
DHS of experimental CVC’s �Ref. 2� is reproduced excel-
lently. Owing to relationship �7�, the actual parameter � also
disperses, but due to the small value of �, this fluctuation
becomes too small to be observed in the plot.

FIG. 2. �Color online� Dependences G�V� for the same junction
as in Fig. 1 �the case �=�� but for inhomogeneous CDWS with
various dispersions ��0

*.

FIG. 3. �Color online� The same as in Fig. 2 but for �0
*

=20 meV, 	0
*=50 meV, and various dispersions �� centered

around �=0.5.
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Figure 5 clearly demonstrates the influence of the param-
eter � on the amplitude of the DHS. It is evident that �
governs this amplitude very effectively. On the other hand, in
order to describe the experiment adequately it is sufficient to
admit that only a small fraction �of about 5%-20%� of the FS
is nested and distorted by the dielectric gap. For comparison,
�
0.2 in CDW metal NbSe3 �Ref. 183� and �
0.1 in
Cr-Re alloys where the spin density wave is observed.184

Roughly speaking, the parameters �0
* and 	0

* are respon-
sible for the locations of peculiarities �the coherent peaks and
the DHS� in the CVC’s and the parameter � for the ampli-
tudes of the DHS. Thereby, the observed correlation �not a
direct proportionality� between a DHS energy and Tc �Refs.
12 and 34� is explained by our theory.

Finally, for completeness, the role of T in our scenario of
the DHS phenomenon is shown in Fig. 6. As could be ex-
pected, thermal smearing and spatial averaging act synergeti-
cally to suppress the CDW influence on the tunnel conduc-
tance. Therefore, although, in principle, the DHS should
preserve above Tc in the pseudogap state, which we consider
a partially gapped state with CDW’s, its observation may be

obscured. In the competitive scenario of the localized vibra-
tion �spin� mode-induced DHS, satellites at eV=�+�0 must
disappear above Tc.

51

Thus, the theory proposed can describe, at least qualita-
tively, the arising DHS-induced asymmetry in the CVC’s of
nonsymmetric SIN tunnel junctions. It should be emphasized
once more that in a real inhomogeneous CDWS electrode the
values of all three ��0

*, 	0
*, and �� or even four �including ��

parameters can be characterized by simultaneous scattering
over the volume. We have reported the results of calculations
executed with the assumption that only one of those param-
eters varies. Therefore, one could hardly expect an exact
quantitative coincidence of theoretical and experimental
data. At the same time, the experimental data �see, e.g., Refs.
2, 4, 7, 12, 95, 133, 185, and 186� undoubtedly include a
background component of the unknown nature, which our
theory obviously does not cover. Nevertheless, the position
and the amplitude of the DHS in the CVC’s are reproduced
excellently.

In particular, to illustrate the theory, the kit of the bare
parameters ��=0.1, �0

*=20 meV, and 	0
*=50 meV� was se-

lected in order to approximate a single experimental curve
for BSCCO-I-N junction �the 62-K curve in Fig. 1 of Ref. 2�,
where the manifestation of the DHS is most typical. The
shape of the DHS in this curve turned out well simulated,
provided the dispersion �	0

*=20 meV �see Fig. 4�. More-
over, taking into account the dispersion of each individual
problem parameter leads to the evolution of the “reference”
CVC shape �which corresponds to some fixed parameter val-
ues; see Fig. 1� towards experimentally observed CVC pat-
terns. Once more, as was indicated above, the background of
an obscure origin is the main difference, which remains un-
explained.

Note that the asymmetry of tunnel CVC, associated with
the availability of DHS, is sometimes asserted to be more
characteristic of overdoped high-Tc superconductors. How-
ever, such asymmetry is also observed for underdoped
superconductors.5 From the viewpoint of the theory pro-
posed, a lower frequency of DHS observation in underdoped
superconductors can be associated, in particular, with their

FIG. 4. �Color online� The same as in Fig. 2 but for �0
*

=20 meV, �=0.1, and various dispersions �	0
* centered around

	0
*=50 meV.

FIG. 5. �Color online� Influence of the parameter � on the dip-
hump structure amplitude for �0

*=20 meV, 	0
*=50 meV, �	0

*

=20 meV, �=�, and T=4.2 K.

FIG. 6. �Color online� Influence of the temperature T on the
G�V� shape for �0

*=20 meV, 	0
*=50 meV, �	0

*=20 meV, �=0.1,
and �=�.
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higher homogeneity. To confirm the aforesaid, the CVC’s of
tunnel junctions including YBa2Cu3O6+y, where the DHS is
absent, might be mentioned. In this material holes are dis-
tributed much more uniformly over the specimen than in
BSCCO.147

On the other hand, the DHS-induced CVC asymmetry
may be more typical of overdoped oxides of the BSCCO
type as a result of the pseudogap �CDW, in our interpreta-
tion� and superconducting features coming closer near the
top of the superconducting dome in the phase diagram T-x.82

IV. CONCLUSIONS

Thus, assuming the CDW origin of the DHS in tunnel
spectra of high-Tc oxides, in particular, BSCCO, made it
possible to qualitatively describe the CVC’s. On the other
hand, the widely spread alternative explanation47,48,187 of the
DHS, which is based on the existence of a certain boson
mode of an unknown nature with energy �, cannot account
for the observed nonsymmetrical form of the CVC’s. In ad-
dition, a wide-range oxygen doping of BSCCO leads to a
shift of both the � and DHS locations, which are not linked
with each other by any simple relationship.188 At the same
time, in the framework of the boson-based approach the
DHS should be positioned at eV=�+� in SIN and eV=2�
+� in SIS junctions.

In our scenario, the locations of � and DHS are also cor-
related, which is traced while doping the material. Neverthe-
less, the link between two quantities is rather complicated,
because the D-peculiarity position depends on the doping-
driven shift of Td in a twofold nonlinear way: through 	 and

�. The latter quantity, in its turn, also depends on 	 �see Sec.
II A�. The above calculations show the inaccuracy of the
conclusion32 that a strong observed dip cannot be described
under the assumption of its nonsuperconducting nature. It
should be noted that our conclusions, although being ob-
tained assuming an s-wave symmetry of both OP’s, are quite
general and applicable to the situation when their symmetry
is reduced �e.g., for the d-wave symmetry189 or the extended
s-wave symmetry�. Of course, the magnitudes of the corre-
sponding singularities will be smaller in this case. Since
there are quite a number of noncuprate CDW
superconductors,16 a DHS of the type considered in this work
might be found there as well. Their detection would be an-
other argument in favor of our viewpoint concerning high-Tc
oxides. Anyway, the solution of the DHS problem for
BSCCO and its relatives would comprise an important for-
ward step to overcome the current dichotomous state in the
science of cuprate superconductivity: one gap versus two
gaps.30,93,190,191
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