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Quasiparticle current along the c axis in junctions involving d-wave superconductors
partially gapped by charge density waves
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Quasiparticle tunnel current either between identical d-wave superconductors partially gapped by charge
density waves (SCDWs) or between an SCDW and a normal metal was calculated. The cases of unidirectional
and checkerboard CDWs were considered. The tunnel conductance was found in both cases to possess a number
of peculiarities, which cannot be described by introducing a single combined gap. The results are in qualitative
agreement with experimental data obtained for a number of cuprates by the scanning tunnel spectroscopy, intrinsic-
tunneling, and break-junction measurements. The difference between the experiment and the theory seems to
stem from the spread of gap values occurring due to the intrinsic spatial inhomogeneity of nonstoichiometric
oxides and reflected in the cuprate tunnel spectra.
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I. INTRODUCTION

Charge density waves (CDWs), which have recently been
observed directly in a number of high-Tc oxides [1–6],
have been suspected long ago to induce pseudogapping in
the electron density of states (DOS) [6–13]. Earlier, CDWs
coexisting and competing with superconductivity were indi-
rectly detected in hole-doped oxides by elastic and inelastic
x-ray scattering [3–5,14–24], Raman scattering [25], scanning
tunnel microscopy (STM) [22,23,26–28], nuclear magnetic
resonance (NMR) [29–31], angle-resolved photoemission
(ARPES) measurements [22,32,33], ultrafast pump-probe
spectroscopy [11,34], sound velocity studies [35], Hall resis-
tance [36], and magnetoresistivity oscillations [37]. A charge
ordering similar to that in hole-doped cuprates was recently
found in the electron-doped compound Nd2−xCexCuO4 by
resonant x-ray scattering [38]. On the basis of this evidence
and related experimental data, we identify the CDW-related
gap with the pseudogap, although the latter might be, in
principle, a more complex phenomenon including, e.g., some
kind of fluctuating Cooper pairs as well [6,39]. There is also a
viewpoint that the real intertwining involves superconductivity
and pair-density waves (PDWs), the observed CDWs being
a kind of composite ordering induced by the former two
basic phenomena [13]. In another scenario [40,41], CDWs and
PDWs coexist, possess the same momentum Q, and compete
with superconductivity in the same manner as is proposed here.

Dielectric energy gaps observed by the quasiparticle tunnel
spectroscopy and associated with the DOS depletion induced
by Peierls-like electron-hole correlations have the forms [42]
similar to those induced by the Cooper pairing in tunnel
spectra [43]. (The similarity is due to the applicability of
the semiconducting model to superconducting tunnel spectra
because of the disappearance of coherence factors from
the final result [44].) Therefore, the tunnel conductance in
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partially CDW-gapped superconductors should demonstrate
properties revealing both kinds of many-body phenomena.
The corresponding calculations of the dynamic conductance
[the differential current-voltage characteristic (CVC)] G(V ) ≡
dJ/dV , where J is the quasiparticle tunnel current and V is
the bias voltage, were performed for both s-wave [45–50]
and d-wave [51] superconductors partially gapped by CDWs.
In this work, we present a detailed analysis of the problem
in two important specific cases: (i) a nonsymmetric junction
between a d-wave single-crystalline superconductor partially
gapped by CDWs (SCDW) and a normal (metal) electrode (N),
with the c axis of the SCDW being oriented perpendicularly
to the junction plane; and (ii) a symmetric junction between
two identical SCDWs, with their c axes also being directed
normally to the junction. We employed the two-dimensional
model of the electron spectrum in the SCDW and analyzed the
bidirectional (checkerboard) and unidirectional (stripe) CDW
patterns, both being appropriate to high-Tc oxides [10,51–54].

In this work, we analyze spatially homogeneous SCDWs.
Strictly speaking, this is not the case for high-Tc oxides
because of their intrinsic nonstoichiometric nature [54–59].
Nevertheless, this model describes the main features of the
corresponding tunnel spectra, being an unavoidable basic stage
in the development of the theory. The absence of the intrinsic
SCDW parameter spread—the spread would ultimately result
in the smearing of G(V ) peculiar points—allows the feature
points in the quasiparticle spectrum related to the singularities
of G(V )s to be determined. Besides, the role of the temperature
T in the G(V ) evolution can be discerned more clearly.
Note also that some authors [59,60] associate the pseudogap
phenomenon with the spatial inhomogeneity.

II. DESCRIPTION OF COMPETING SUPERCONDUCTING
AND CDW ORDER PARAMETERS

A. Basic relations

The model of the two-dimensional electron spectrum
gapped by both the CDW (partial gapping at T <

Ts) and d-wave superconducting pairings (at T < Tc) is
adopted [7,51,52]. Which of Tc or Ts is higher depends on the
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FIG. 1. (Color online) Schematic diagrams for the parent order
parameters of the d-wave superconductor partially gapped by charge-
density waves (CDWs) at the temperature T = 0. The dashed curve
describes the alternating-sign �̄(θ ) function for the parent d-wave
superconductor (dBCS), and the solid curve the �̄(θ ) dependence
for the parent partially gapped metal. The angle θ is reckoned
counterclockwise from the kx direction in the momentum space.
The relative orientation of the �̄(θ ) and �̄(θ ) profiles correlates
with that for cuprates (the dx2−y2 -wave symmetry). There are N = 4
CDW-gapped Fermi surface (FS) sections in the case of checkerboard
CDW pattern, and N = 2 (hatched) gapped sections in the case of
unidirectional CDWs. 2α is the angular width of each CDW sector.

SCDW parameters. In the framework of this approach, CDWs
are a consequence of the partial Fermi surface (FS) nesting and
are generated by either the electron-phonon (the Peierls insula-
tor) or Coulomb (the excitonic insulator) interaction. As comes
about from the experiment, electronic CDWs in cuprates are
accompanied by periodic lattice distortions [1,3–5], contrary
to what is sometimes asserted [61]. The approximate two
dimensionality of the electron spectrum is a consequence of
the layered crystal structure inherent to high-Tc oxides.

Hence, the gapped spectrum in the low-T phase of the
SCDW is a result of the interplay between two pairing
mechanisms: the nonisotropic electron-electron attraction,
which is considered here as a four-fermion phenomenological
interaction, and the isotropic (within the dielectrized FS
sections; see below) electron-hole one (Fig. 1).

For completeness, let us consider the SCDW model in brief.
The mean-field Hamiltonian has the form,

H = Hkin + HBCS + HCDW, (1)

where

Hkin =
∑

k,σ=↑,↓

∑
i=d,nd

ξi(k)a†
i,k,σ ai,k,σ , (2)

HBCS =
∑

k

�̄(k)
∑

i=d,nd

a
†
i,k,↑a

†
i,−k,↓ + c.c., (3)

HCDW =
∑

k,σ=↑,↓

∑
i=d

�̄(k)a†
i,k,σ ai,k+Q,σ + c.c. (4)

Here, ξi(k) is the initial quasiparticle spectrum; the
momentum-dependent d-wave superconducting, Bardeen-
Cooper-Schrieffer-like (BCS-like) order parameter, �̄(k), and
the CDW one, �̄(k), are specified below; a† and a are the cre-
ation and annihilation operators, respectively; σ is the quasi-
particle spin projection, Q is the CDW vector, and the

notations “d” and “nd” were introduced for the dielectrized
and nondielectrized FS sections, respectively.

If the Cooper pairing had been absent, the low-T state
would have been a parent CDW phase (a metal partially
gapped by CDWs). The partial gapping means that only
a finite fraction of the FS is gapped (to distinguish this
gapping from the superconducting one, it will be referred
to as dielectrization). In accordance with observations for
various cuprates, the arrangement of dielectrized sections on
the FS may be characterized as either checkerboard (biaxial,
the number of the CDW sectors N = 4) or unidirectional
(stripe, N = 2) (see Fig. 1 ) [1,9,62]. Biaxial CDWs does not
violate the C4 crystal symmetry, contrary to uniaxial CDWs
(stripes), the appearance of which reveals the nematic or
smectic rotational symmetry breaking. The latter phenomenon
was observed in cuprates [63–66], as well as iron-based
superconductors [67–69], and, in general, may be due to
various microscopic reasons [70–76]. For instance, it might be
intimately linked to the intrinsic disorder in nonstoichiometric
crystals [77,78].

The CDW complex order parameter �0(T )eiϕ (here, ϕ is
the CDW phase) is constant (the s-wave symmetry) within
each of four (biaxial CDW) or two (uniaxial CDW) Fermi
surface (FS) hot-spot sectors. The latter are nested in pairs
and oriented crosswise, also in pairs, along the lattice kx and
ky axes in the momentum space. Each of the sectors has the
angular width 2α. We identify the CDW ordering with the
pseudogap one, although it might happen that CDWs are only
related to the pseudogap phase, with the latter covering a larger
area than the former in the cuprate T -y phase diagram, where
y is the doping parameter [12]. The theory shows that if the
parent CDW metal is characterized by the order parameter
magnitude �0(0) at T = 0, then, up to the critical temperature
Ts0 = γ

π
�0(0), where γ = 1.78 . . . is the Euler constant, and

the Boltzmann constant kB = 1, the dependence,

�0(T ) = �0(0)Müs(T/Ts0), (5)

is satisfied, where Müs(x) is the reduced [i.e., Müs(0) = 1]
standard (s-wave) Mühlschlegel dependence [79]. For further
consideration, let us introduce the angle θ in the two-
dimensional momentum (k) plane that describes a direction
reckoned from the kx one. Then, to describe the “profile”
�̄0(T ,k), or �̄0(T ,θ ), over the whole FS, it is convenient to
use the angular factor f�(θ ), which is equal to 1 inside and
0 outside each sector. Then, �̄0(T ,θ ) can be factorized as
follows:

�̄0(T ,θ ) = �0(T )f�(θ ). (6)

In the framework of the model concerned, the function f�(θ ) is
supposed to be independent of T and the electron-hole pairing
strength, which is in agreement with the experiment [80,81].
At the same time, the parameter α can be influenced by a
number of external factors, e.g., doping or pressure. Such
a picture correlates, in particular, with the ARPES data for
Bi2Sr2CaCu2O8+δ [80], according to which the CDW sectors
shrink for overdoped compositions.

On the other hand, if the CDW pairing had been switched
off, we would have obtained a parent BCS dx2−y2 -wave super-
conductor (dBCS) [82] characterized by the superconducting
order parameter �0(0) at T = 0 and with the lobes of the
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latter also oriented in the kx and ky directions, i.e., in the
same (antinodal) directions as the bisectrices of CDW sectors
(Fig. 1). In this case, the “profile” �̄0(T ,θ ) of nonzero �0 in
the k space spans the whole FS. It can also be factorized,

�̄0(T ,θ ) = �0(T )f�(θ ), (7)

using the angular factor,

f�(θ ) = cos 2θ. (8)

Below Tc0 = γ
√

e
2π

�0(0), where e is the base of natural
logarithms,

�0(T ) = �0(0)Müd (T/Tc0), (9)

where Müd (x) is the reduced (Müd (0) = 1) superconducting
order parameter dependence in the case of d-wave pairing [82].
The function f�(θ ), similarly to f�(θ ), is also considered to
be independent of T and the Cooper pairing strength.

When both interactions are switched on and coexist,
they compete for the same quasiparticle states at the Fermi
surface. This mutually detrimental interplay leads to a drastic
difference of the actual �(T ) and �(T ) functions from the
parent ones—�0(T ) and �0(T ), respectively—in the interval
of their coexistence [8,83]. The relevant self-consistent set of
equations, which is to be solved to determine �(T ) and �(T )
for the given set of the input model parameters [as such, �0(0),
�0(0)—for brevity, they are denoted below as �0 and �0,
respectively—α, and N are selected] have the form [7,8,83],∫ α

−α

IM (
√

�2 + �2 cos2 2θ ),T ,�0)dθ = 0, (10)∫ α

−α

IM (
√

�2 + �2 cos2 2θ,T ,�0 cos 2θ ) cos2 2θdθ

+
∫ �−α

α

IM (� cos 2θ,T ,�0 cos 2θ ) cos2 2θdθ = 0, (11)

where

IM (�,T ,�0) =
∫ ∞

0

(
1√

ξ 2 + �2
tanh

√
ξ 2 + �2

2T

− 1√
ξ 2 + �2

0

)
dξ (12)

is the Mühlschlegel integral of the BCS theory. The angle
� equals π for N = 2 and π

2 for N = 4. Now, neither
of the order parameters can be described by the function
Müs(T/Tc) or Müd (T/Ts). To be more specific, there may
arise intervals where either of the order parameters vanishes;
only within such intervals the other order parameter keeps its
“parent” T dependence. Accordingly, the lowest of the critical
temperatures Tc0 or Ts0 changes to the corresponding, even
lower value, Tc or Ts , respectively. It usually comes about that
in cuprates, as well as in other existing CDW superconductors,
Tc0 < Ts0 [7,84]. In our model, for generality, the ratio between
Tc0 and Ts0 can be arbitrary. Besides, at some [�0,�0,α,N ]
combinations, the phenomenon of the �(T ) reentrance may
appear consisting in that �(T ) �= 0 within a certain interval
0 < Tr < T < Ts [7,8,83].

As a result, a nontrivial combined gap,

D̄(T ,θ ) =
√

�2(T ) + �̄2(T ,θ ),

arises on the dielectrized (d) FS sections, and the gap |�̄(T ,θ )|
exists on the nondielectrized (nd) ones. Making use of the
functions f�(θ ) and f�(θ ) once more, the profile of the
resulting gap over the whole FS (the gap rose) can be written
in the form,

D̄(T ,θ ) =
√

�̄2(T ,θ ) + �̄2(T ,θ ), (13)

where

�̄(T ,θ ) = �(T )f�(θ ), (14)

�̄(T ,θ ) = �(T )f�(θ ). (15)

Note that in the adopted approach the CDW wave vector Q
falls out of thermodynamics and does not enter the system of
integral equations for the relevant order parameters [7,8,83].
Therefore, any effects of the transition between commensurate
and incommensurate CDWs are not included into considera-
tion. We have not enough experimental evidence to examine
such a possibility for cuprates. Nevertheless, those effects
might be important, in principle, and the same wave vector Q
might characterize the Cooper pairing leading in this case to an
incommensurate pair-density wave. The competition between
CDWs and superconductivity in the framework of this model
has been examined recently [85,86].

A quite different t − J model with both order parameters
having d-wave symmetry was suggested earlier while consid-
ering c-axis quasiparticle tunneling [87]. The corresponding
results for the electron density of states and the tunnel
conductance G(V ) are substantially different from those
obtained in this work.

B. Representative parameter sets

The problem can be formalized further and the number
of problem parameters can be reduced by normalizing the
relevant energies by �0. Then, the set of problem parameters
is reduced to [σ0,α,N ], where σ0 = �0/�0 evaluates the ratio
between the electron-hole and Cooper pairing strengths. In
Fig. 2(a), the σ0 − α phase diagram of the SCDW when the
relative orientation of the superconducting and CDW order
parameters in the momentum space corresponds to Fig. 1 (i.e.,
in the case of dx2−y2 -wave pairing symmetry) and at T = 0 is
exhibited [83]. In this work we consider how CDWs affect
the tunnel spectra of d-wave superconductors and assume
the Cooper pairing to be the basic one. We implement this
assumption by putting �0 = 1 in all further calculations. Then,
Fig. 2(a) can also be regarded as the �0 − α phase diagram
for the SCDW with �0 = 1 at T = 0.

The states to the right of the solid curve (the area marked
as SCDW) are characterized by the temperature dependencies
of their order parameters �(T ) and �(T ) like those exhibited
in Fig. 2(b). In the lower half of the plane (0◦ � α � 45◦),
the phase diagrams for the checkerboard (N = 4) and unidi-
rectional (N = 2) CDW configurations coincide. At the same
time, the difference between those two cases in the common
part of the phase diagram consists in that the corresponding
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FIG. 2. (Color online) (a) Phase diagram σ0 − α for the partially
CDW-gapped d-wave superconductor (SCDW) at the temperature
T = 0. Here, σ0 = �0/�0, where �0 and �0 are the magnitudes
of the zero-T parent order parameters. The upper area (α > 45◦)
makes sense only for N = 2, whereas the lower one is the same
for N = 4 and N = 2. The solid curve separates the region where
the SCDW is the dBCS from the region where superconductivity
and CDWs coexist. In the hatched region between the solid and
dotted boundaries, the CDW-reentrance phenomenon takes place at
T > 0. Concerning representative points A–E and the dashed curve,
see explanations in the text. (b) Possible types of δ(τ ) and σ (τ )
dependencies for various SCDW parameter sets. Here, δ = �/�0

and σ = �/�0 are normalized superconducting �, and dielectric �,
actual order parameters, and τ = T/Tc is the temperature normalized
by the actual superconducting critical temperature Tc. Tr and Ts

denote the temperature interval of CDW existence. (c)–(e) Gap roses
in the momentum space for the SCDWs (solid curves) and the relative
dBCSs (dashed curves; see explanations in the text) corresponding
to parameter sets A–C [see (a)]. The feature points are indicated (see
notations in the text).

values of � and � differ in pairs. Therefore, the relevant CVCs
vary substantially.

For the purpose of illustration, three characteristic param-
eter sets were chosen in the SCDW area: set A (N = 4, �0 =
1,�0 = 1, α = 20◦), set B (N = 2, �0 = 1,�0 = 1, α = 20◦),
and set C (N = 2, �0 = 1,�0 = 1, α = 60◦). In the phase
diagram [Fig. 2(a)], they are marked by the corresponding
points. Below, they will be considered as “representative”
ones, i.e., their CVCs will be regarded as basic while analyzing
the effect of changing σ0, α, or T separately. The difference
between sets A, B, and C is illustrated by their gap roses
at T = 0 (see Figs. 2(c)–2(e), respectively), whereas their

�(T ) and �(T ) dependencies are similar [see set A in
Fig. 2(b)]. The points at the gap-rose contours mark the
energies (the distances from the coordinate origin) where the
electron spectra are suspected to have certain peculiarities.
The latter should manifest themselves in the quasiparticle
tunnel current-voltage characteristics (CVCs) (see Sec. V).
The points belonging to the FS nd sections are marked as �,
and those belonging to the FS d sections as D. The subscript
denotes the corresponding value of the momentum-space
angular coordinate θ . The point �45◦ = 0 was also included,
because it participates in the formation of CVC peculiarities.
Figures 2(c)–2(e) are arranged in such a way that the “com-
plexity” of the corresponding electron spectrum increases.
In particular, Fig. 2(d) corresponding to N = 2 contains an
additional (in comparison to the case N = 4) peculiarity point
�90◦ , which should make the overall CVC more complicated.
The case N = 2 with large α > 45◦ [Fig. 2(e)] replaces the
point �45◦ = 0 by the point D45◦ > 0 and makes the gap to
be nonzero over the whole FS. The shape of gap roses and
hence the positions and even the existence of indicated points
change with both the SCDW parameters (σ0,α,N ) and the
temperature T .

The area to the left of the solid curve in Fig. 2(a) corresponds
to the states when CDWs are totally suppressed at T = 0 (i.e.,
the FS is not CDW gapped), and the SCDW becomes a dBCS
(� = �0 = 1, � = 0). But for points in the hatched section
(between the solid and dotted curves), which are dBCS states
at T = 0, the CDW order parameter � arises at some finite
temperature Tr (0 < Tr < Ts), and the dBCS transforms into
a genuine SCDW in the interval Tr < T < Ts . As an example,
the parameter set (N = 4, �0 = 1,�0 = 0.9, α = 20◦ [point
D in Fig. 2(a)] was selected (the solid and dotted curves
converge at α = 45◦, so that the temperature-driven CDW
reentrance phenomenon disappears at α > 45◦, the latter
values making sense only if N = 2). The corresponding �(T )
and �(T ) dependencies are shown in Fig. 2(b), illustrating the
temperature-induced CDW reentrance.

Specifically, at T � Tr , the CDW is suppressed, and we
obtain a pure dBCS phase, with the corresponding gap rose
of the parent dBCS (see Fig. 1); at Tr < T � Tc, the SCDW
phase emerges, and the gap rose looks like that in Fig. 2(c);
at Tc < T < Ts , a partially CDW-gapped normal metal exists
with the corresponding gap rose (1); finally, at T > Ts , the
CDWS becomes an ordinary metal. In Fig. 2(b), set D, the
relationship 0 < Tr < Tc < Ts takes place. But a situation is
also possible [83] when the whole T interval with � �= 0
is located below the superconducting critical temperature
Tc, so that 0 < Tr < Ts < Tc [Fig. 2(b), set E]. All those
transformations of the electron spectrum should manifest
themselves in tunnel CVC as will be discussed below in more
detail. Therefore, sets D and E are also included into the family
of representative parameter sets.

The SCDWs to the left of the dotted curve in Fig. 2(a) are
genuine dBCSs at any temperature below Tc.

Besides, in order to fully understand the mutual action of
CDWs and superconductivity on CVCs, parallel calculations
for either a dBCS or a nonsuperconducting CDW metal have
to be done. But it cannot be either of the SCDW parents,
because the actual � and � values differ from their “bare”
(parent) values rather substantially. In particular (see Fig. 2),
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the magnitudes of �0 and �0 (they are directly related
to the strengths of corresponding pairing interactions) were
selected to equal �0 = �0 = 1 in each of Figs. 2(c)–2(e),
but the actual zero-temperature � and � deviate from unity.
In this case, the comparison of relevant CVCs would be
noninformative. Therefore, we selected a dBCS with the
zero-T superconducting gap equal to the actual one �(T = 0)
for the corresponding SCDW. In order to distinguish from
the representative order parameter set, we will refer to such
a dBCSs and the corresponding CVCs as the related ones.
The gap roses for such related dBCSs are shown in the
corresponding panels by dashed curves. Note that, in Figs. 2(c)
and 2(d), the gap roses for the SCDW and the related dBCSs
coincide over a large part of their FS, including the nodal
points. This circumstance allowed us to obtain the related
CVCs that almost coincide with analyzed ones at least at low
temperatures and low bias voltages (see below).

III. DENSITY OF STATES

Before calculating tunnel CVCs, it is instructive to consider
first the peculiarities in the electron DOSes, both differential
and angle averaged, of SCDW. Fortunately, in the framework
of the adopted SCDW model, the DOS can be obtained in the
analytical form.

For simplicity, let us consider both CDW scenarios (N = 4
and 2) in detail only in the case α < 45◦, which is appropriate
to high-Tc oxides. While calculating the electron DOS in the
SCDW, it is expedient to use the polar coordinates (ε,θ ) in the
momentum space, where ε > 0 is the quasiparticle energy and
θ is the angle reckoned from the axis kx . Then, the differential
DOS N (ε,θ ) can be written in the form,

N (ε,θ ) = NF Re
ε√

ε2 − D̄2(θ )
, (16)

where NF is the density of states near the Fermi level in the
parent (nongapped) metal, and D̄(θ ) is the gap profile given
by Eq. (13). As usual [88],

N [ε < D̄(θ ),θ ] = 0. (17)

The angle-averaged dependence N (ε) is given by the formula
(the spectrum is two-dimensional),

N (ε) = 1

2π

∫ 2π

0
N (ε,θ ) dθ. (18)

For the sake of briefness, it is convenient to introduce the
reduced DOS, n(ε) = 2πN (ε)/NF .

A. Checkerboard CDW

Let us first consider the SCDW with the checkerboard
CDW (N = 4) in the general case with � �= 0 and � �= 0. The
corresponding gap rose is shown in Fig. 2(c). Its “Cartesian”
representation (more precisely, the interval 0 � θ � π/4; it
is enough for consideration, because the results are identical
for other θ octants) is exhibited in Fig. 3, where all relevant
points are marked; those are the energies where the DOS
peculiarities can exist. From this figure, one can easily see that
the DOS peculiarity positions are related to the gap-related

FIG. 3. (Color online) Cartesian representation of the gap rose
shown in Fig. 2(c). D̄ is the combined energy gap. Tinted regions I
and II mark relevant intervals of integration over θ while calculating
the electron density of states (DOS).

quantities �, �, and α of the SCDW electrode by the
formulas,

�α = � cos 2α, (19a)

D2
α = �2 cos2 2α + �2, (19b)

D2
0 = �2 + �2. (19c)

Hence, the model parameters describing the SCDW state can
be found from the positions of DOS peculiarities:

� =
√

D2
α − �2

α, (20a)

� =
√

D2
0 − D2

α + �2
α, (20b)

| cos 2α| = �a/�. (20c)

It is very remarkable that those relations remain valid for
all temperatures. Another procedure [89] aimed at finding
quasiparticle-spectrum parameters and explaining quasiparti-
cle tunneling in layered-cuprate mesas should be pointed out.

According to condition (17), integration should be carried
only in the tinted region. We should consider the intervals
0 < θ < α (I) and α < θ < π

4 (II) separately. In the former,
D̄2(θ ) = �2 + �2 cos2 2θ , and the quantity,

n̄I(ε) = Re
∫ α

0

εdθ√
ε2 − �2 − �2 cos2 2θ

, (21)

has to be calculated. This is a tabulated integral [90], and,
depending on ε, it equals

n̄I(ε � Dα) = 0, (22a)

n̄I(Dα <ε�D0) = ε′′

2

{
K(ε′) − F

[
arcsin

(
1

ε′ cos 2α

)
,ε′

]}
,

(22b)

n̄I(ε > D0) = ε′′

2ε′

[
K

(
1

ε′

)
− F

(
π

2
− 2α,

1

ε′

)]
, (22c)

where K(k) and F (ϕ,k) are the complete and incomplete
elliptic integrals of the first kind, respectively, and the notations
ε′ = √

ε2 − �2/� and ε′′ = ε/� were introduced to make the
expressions shorter. It is easy to show that the dependence nI(ε)
has a cusp at ε = Dα and a logarithmic singularity at ε = D0.
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In interval II, D̄(θ ) = � cos 2θ , and one needs to calculate

n̄II(ε) = Re
∫ π/4

α

εdθ√
ε2 − �2 cos2 2θ

. (23)

As a result,

n̄II(ε � �α) = ε′′

2
K(ε′′), (24a)

n̄II(�α < ε � �) = ε′′

2
F

[
arcsin

(
1

ε′′ cos 2α

)
,ε′′

]
, (24b)

n̄II(ε > �) = 1

2
F

(
π

2
− 2α,

1

ε′′

)
. (24c)

Since �α � �, the peculiarity at ε = �α is a cusp. Besides,
since we assume that α �= 0◦, branches (24b) and (24c)
smoothly match at ε = �, i.e., at ε′′ = 1, and no additional
CVC peculiarity arises.

The overall reduced DOS n(ε) equals

n(ε) = 8[n̄I(ε) + n̄II(ε)], (25)

where proper expressions have to be selected from Eqs. (22)
and (24) for the components n̄I(ε) and n̄II(ε), respectively.
The resulting DOS possesses cusps at ε = �α and Dα , and a
logarithmic singularity at ε = D0. Among those energies, �α

is always minimal, whereas D0 is always maximal.
The formulas presented above do not depend explicitly on

the temperature. The latter is hidden in the order parameters
� �= 0 and � �= 0, which are supposed to be known for any
parameter set (N,�0,�0,α,T ). In particular, this circumstance
means that, if a peculiarity survives at a certain temperature, it
preserves its character (a cusp or a logarithmic singularity).
However, the variation of any quantity from the indicated
parameter set can result in the total suppression of either of
order parameters and the corresponding modification of the
electron spectrum, which will manifest itself in the changes
of CVC profiles studied here. In the case � = 0 and � �= 0
(the pure dBCS), interval I is absent, and the DOS is described
by formula (23) with α = 0. Then, the whole spectrum is
described by the expression [82],

ndBCS(ε) = 4 ×
{
ε′′K(ε′′) for ε < �

K
(

1
ε′′

)
for ε > �

, (26)

with a single logarithmic singularity at ε = �. In the case
� �= 0 and � = 0 (the partially gapped metal), integrals (21)
and (23) are trivial:

nI(ε) =
{

0 for ε < �
αε√

ε2−�2 for ε > �
, (27)

nII(ε) = π

4
− α = const. (28)

As a result [see formula (25)], we obtain a root singularity
at ε → � + 0. The latter statement may seem to contradict
the statement made above that the singularity does not change
its character with the parameter variation. However, here we
obtain a situation when the singularity at ε → � + 0 is formed
not by an immediate vicinity of a single FS point characterized
by the angle θ = 0◦, but by all FS points within the angular
sector |θ | � α.

FIG. 4. (Color online) The same as in Fig. 3, but for the gap rose
in Fig. 2(d).

B. Unidirectional CDW

The case of unidirectional CDWs is a little bit more
complicated. The “Cartesian” representation of the gap rose
depicted in Fig. 2(d) and corresponding to the reference
parameter set B and the temperature T = 0 is shown in Fig. 4.
One can see that an additional peculiar point, �90◦ , arises. The
set of formulas (19) remains valid and becomes appended by
one more equality,

� = �90◦ , (29)

which is useful to check the consistency of the whole equation
set. Attention should be paid to the fact that now the parameters
� and � must be determined for the unidirectional rather than
the checkerboard CDW type.

Figure 4 demonstrates that, when calculating the DOS in the
superconductor with unidirectional CDWs, it can be regarded
as a combination of the DOSes for the checkerboard SCDW
(θ intervals I and II in Fig. 4; cf. Fig. 3) and for the related
dBCS (θ interval III in Fig. 4):

n(ε) = 4[n̄I(ε) + n̄II(ε) + n̄III(ε)]. (30)

Since �90◦ = �, Eq. (26) can be used to calculate n̄III(ε).
Formulas (24) also remain the same for n̄I(ε) and n̄II(ε). As a
result, the n(ε) dependence has two cusps (at ε = �α and Dα)
and two logarithmic singularities (at ε = � and D0).

The following remark distinguishing this case from the
spectrum for set A should be made. The values of energies
�α (the cusp) and D0 (the logarithmic singularity) remain
minimal and maximal, respectively. The other peculiarities,
�90◦ (the logarithmic singularity) and Dα (the cusp), fall within
the interval (�α,D0), but their relative order can vary. The
change in the peculiarity order can be induced by varying
the SCDW parameters and/or the temperature. The condition
that �90◦ = � coincides with Dα can be easily obtained from
Eq. (19b); it reads

� sin 2α = �. (31)

This relationship does not depend on the temperature explicitly
as well. The (σ0,α) pairs satisfying Eq. (31) at T = 0 are
plotted on the σ0-α phase diagram [Fig. 2(a)] as a dashed
curve. Hence, for all SCDWs with parameter values located in
the area between this curve and the dBCS boundary (the solid
curve), e.g., for set B, the DOS peculiarity order at T = 0 is
�α < Dα < �90◦ < D0, whereas for all parameter sets to the
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right of the solid curve, e.g., for set C, one has �α < �90◦ <

Dα < D0.
Finally, the extension of the CDW half-cone α beyond the

limit of 45◦ gives rise to a complete FS gapping [see the
gap rose in Fig. 2(e) plotted for parameter set C at T = 0].
In this case, the number of relevant peculiarities rises to
five. Analytical expressions for n(ε) can be derived in the
same manner as was done above. Here, for brevity, only
the contribution to the DOS of the new peculiarity D45◦ is
analyzed. Namely, we have to calculate the quantity,

n′(ε) ∼ Re
∫ π/4

1
2 arccos

√
ε2−�2

�

εdθ√
ε2 − �2 − �2 cos2 2θ

= ε

�
K

(√
ε2 − �2

�

)
. (32)

Here, n′ means that we integrate only in the neighborhood of
θ = π

4 . At ε → � + 0, we obtain

n′(ε → � + 0) = πε

�
,

and, at ε < �,

n′(ε < �) = 0.

Hence, there is a jump in the DOS at ε = �.

IV. QUASIPARTICLE TUNNEL CURRENT ALONG c AXIS

Tunneling is an essentially quantum-mechanical phe-
nomenon, in which the idea of tunnel directionality is very
important [91–93]. For instance, if it is neglected in calcula-
tions, the Josephson current in tunnel junctions with d-wave
superconductors equals zero identically owing to its sensitivity
to the order parameter sign. In principle, tunnel directionality
has to be taken into consideration while calculating the
quasiparticle tunnel current as well. However, in the case of
the isotropic order parameter, the directionality effect results
only in a reduction of the current magnitude, because all
angle-dependent quantities can be factorized out and integrated
independently, which gives rise to a simple renormalization of
the junction resistance.

The effectiveness of tunnel directionality depends on
whether tunneling is coherent or noncoherent. In this paper
we consider either a tunnel junction between the a-b crystal
planes of two high-Tc oxides, regarded as partially gapped
d-wave SCDWs, so that the current is directed along the
c-crystal axes of both electrodes (the symmetric setup) or a
junction between a high-Tc oxide and a normal metal (e.g., an
STM tip, which means a nonsymmetric setup) with the current
flowing also along the c axis. Twist-crystal experiments of
three kinds, namely, using bicrystals [94], the artificial cross-
whiskers [95], and the natural cross-whiskers [96] show that
the Josephson tunneling in this direction is incoherent, i.e., the
tunneling is not restricted to that with coinciding quasiparticle
momenta of linked states from both electrodes k = k′ [97].
For the Josephson current I , the observed nonzero values
for the 45◦ twist [94–96], although smaller than expected for
standard isotropic superconductors [88,98], testify that there
should be at least an admixture of the s- or extended s-order
parameter to the dominant d-wave one [97] (see our remark

below). The observation of the nonstationary Josephson-effect
terahertz radiation [99,100] also demonstrates the nodeless
superconductivity in high-Tc oxides. This fact contradicts the
main body of coherent-tunnel experiments in the a-b plane
showing the d-wave character of superconductivity in high-Tc

cuprates [101–104]. At present, this controversy is far from
being resolved. In the specific calculations carried out in this
paper, we restrict the consideration to the d-wave case, which
for the quasiparticle current gives the same results as if the
extended s-wave order parameter [105] dominates so that our
treatment is quite general. Of course, the study of the c-axis
Josephson current needs a separate consideration for every
symmetry.

On the other hand, the quasiparticle tunnel current J being
proportional to the functional of the product G1G2 [106],
where Gi symbolizes the normal Green’s function of the ith
d-wave SCDW electrode, is not averaged out for any degree of
tunnel incoherence. The latter effect is inevitable for I , flowing
between two d-wave SCDWs, because I is the functional of
the product F1F2 [106]. Here, Fi is the anomalous Gor’kov
Green’s function for the ith d-wave SCDW electrode [107],
and it is proportional to angular factor (8). Therefore, in
our consideration of quasiparticle tunneling between SCDWs
we chose the experimentally supported model of strongly
incoherent tunneling.

The opposite case of the coherent tunneling would give
similar results, so that our treatment is rather general and
reproduces well peculiarities of G(V ) whatever the actual
degree of tunneling coherence. Nevertheless, it might occur
that the c-axis quasiparticle tunneling is governed by a mixture
of coherent and incoherent transport although the degree of the
mixture remains unknown [108].

The coherence versus noncoherence dichotomy in tunnel-
ing depends on the orientation of the velocity of tunneling
charge carriers with respect to the normal n to the junction
plane [97]. The predominately two-dimensional character
of the SCDW spectrum allows the kz-electron spectrum
dispersion to be neglected while studying tunneling along
the c axis of a cuprate superconductor. When c axes of both
electrodes are parallel to n, integration over the quasiparticle
states in the momentum space can be carried out independently
in the a-b plane (the junction plane) and normally to it. Then,
for the c-axis tunneling, there arises a situation similar to the
isotropic pairing, when that or another model of the tunnel
barrier can only change the effective tunnel resistance, keeping
the functional behavior of G(V ) the same.

Bearing all the aforesaid in mind, the formulas for the
quasiparticle tunnel current can be obtained in the con-
ventional way [88,106], which was applied to the s-wave
and d-wave SCDW cases and was described in more detail
elsewhere [46,47,50,84,109,110]. In line with the previous
treatments, the phenomenological tunnel-Hamiltonian ap-
proach was adopted [111]. All the properties of a barrier were
incorporated into the single constant R describing its normal-
state resistance. The ultimate formula for the calculation of
CVCs for the quasiparticle current through a tunnel junction
created between the a-b facets of two SCDWs looks like

J (V ) = 1

2(2π )2eR

∫ π

−π

dθ

∫ π

−π

dθ ′
∫ ∞

−∞
dω
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×K(ω,V,T )P (ω,θ )P ′(ω − eV,θ ′). (33)

Here,

K(ω,V,T ) = tanh
ω

2T
− tanh

ω − eV

2T
; (34)

the limits of integration over θ and θ ′, as well as the absence
of correlations between the latter, follows from the spectrum
two dimensionality and the absence of tunnel directionality
and coherence; and the P factors describe SCDW electrodes.
Primed quantities are associated with the electrode that the
potential V is applied to (the V electrode); its counterelectrode
will be referred to as 0 electrode. In particular, for the 0
electrode,

P (ω,θ ) = �(|ω| − D̄(T ,θ ))√
ω2 − D̄2(T ,θ )

× [|ω| + sign ω cos ϕ�̄(T ,θ )], (35)

where �(x) is the Heaviside step function, the CDW phase ϕ is
usually pinned by the junction interface and acquires the values
0 or π (see discussion in Ref. [84]), and D̄(T ,θ ) and �̄(T ,θ )
are the gap and CDW-order-parameter profiles on the Fermi
surface described by formulas (13) and (15), respectively. For
P ′(ω − eV,θ ′), ω in formula (35) has to be changed to ω −
eV , and all other parameters but T have to be primed, i.e.,
associated with the V electrode. The second summand in the
brackets in Eq. (35) represents the component related to the
electron-hole-pairing Green’s function Gib, which is normal in
the sense of being proportional to the product c

†
l cr [112,113].

Here, subscripts l and r correspond to two different nested
FS sections. On the other hand, it is “anomalous,” because
it includes the amplitude � and phase ϕ of the CDW order
parameter in the same way the Gor’kov Green’s function F has
a factor �, i.e., a superconducting order parameter [88,106].

The ordinary expression for the quasiparticle current
through a tunnel junction obtained in the framework of the
tunnel Hamiltonian approach looks like [88,92]

J (V ) = 1

2eR

∫ ∞

−∞
dω K(ω,V,T )N (ω)N ′(ω − eV ), (36)

where N (ω) and N ′(ω) are the electron DOSes in the left- and
right-hand side electrodes, respectively. Changing the order of
integration in Eq. (33),

J (V ) = 1

2eR

∫ ∞

−∞
dω K(ω,V,T )

×
{

1

2π

∫ π

−π

dθ P (ω,θ )
1

2π

∫ π

−π

dθ ′ P ′(ω − eV,θ ′)
}
,

(37)

and introducing the quantity,

Ñ (ε) = 1

2π

∫ π

−π

dθ P (ω,θ ), (38)

we can present J (V ) in the form similar to Eq. (36):

J (V ) = 1

2eR

∫ ∞

−∞
dω K(ω,V,T )Ñ (ω)Ñ ′(ω − eV ), (39)

where (cf. formulas in Sec. III)

Ñ (ε) = N (ε) + δN (ε) (40)

is the DOS in the left-hand side electrode “modified” by the
correction,

δN(ε) = sign ε cos ϕ

2π
Re

∫ 2π

0

�̄(T ,θ ) dθ√
ε2 − D̄2(T ,θ )

, (41)

to the electron-hole interaction, and Ñ ′(ω) is an analogous
quantity for the right-hand side electrode. It looks like the
electron-hole (CDW) pairing changes the role (“weight”)
of various electron states in tunneling. In particular, since
�̄(T ,θ ) �= 0 only within the θ interval I in Figs. 3 and 4 (the d
FS sections), the modification concerns only the corresponding
states NI(ε). The correction term δN(ε) can be calculated
exactly if one pays attention that �̄(T ,θ ) = � = const in this
θ interval. As a result, we obtain

δN(ε) = �

ε
cos ϕ NI(ε), (42)

where ε can be of either sign.

V. RESULTS AND DISCUSSION

Hence, in the framework of our model of tunneling
through a junction with one or both SCDW electrodes, the
calculations of the quasiparticle current were performed using
formula (39). As a rule, the quasiparticle differential current-
voltage characteristic, G(V ) = dJ/dV , of the tunnel junction
is much more informative than its original current-voltage
characteristic J (V ). The CVC of a tunnel junction contains the
combined and averaged information on the electron spectra
in both electrodes. In particular, in the case of spatially
homogeneous electrodes, the CVC peculiar points, which can
be more or less pronounced, correspond to the sum of and, at
T �= 0, the difference between the peculiarity energies in the
electron spectra of electrodes. In a good many cases, tunnel
directionality can modify CVCs; for instance, if the electron
spectrum is not isotropic, the resulting CVC depends on the
orientation angles of electrodes with respect to the junction
normal. At the same time, tunnel directionality cannot shift
the positions of peculiar points.

The CVC shape is governed by the temperature T and
the intrinsic parameters of each electrode. In our case, these
are the CDW sector half-width α, the ratio σ0 = �0/�0,
which characterizes the relationship between the strengths of
the parent electron-hole and Cooper pairings, and the type
of CDWs, denoted by the number of the CDW sectors N .
Depending on those parameters, the profiles of the overall
energy gaps in the momentum space (gap roses) [8,83] change
their forms and peculiarity locations. As a result, the CVC
shape also changes.

We calculated the quasiparticle CVCs and studied their
changes induced by varying the problem parameters in two
representative cases: a junction between two identical SCDWs,
which we will refer to as the symmetric one, and a junction
between a SCDW and a normal metal interpreted as a special
case of the SCDW (the nonsymmetric junction). The former is
a model of the break junction, whereas the latter is typical of the
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(a) (b)

FIG. 5. (Color online) Temperature evolution of normalized
quasiparticle conductance-voltage characteristics (CVCs)
g(v = eV

�0
) = R dJ

dV
for the c-axis quasiparticle tunnel current

J in nonsymmetric (a) and symmetric (b) tunnel junctions involving
the dBCS electrode(s). Here, e is the elementary charge, V the bias
voltage, and R the junction resistance in the normal state.

STM. In both cases, the c axis of the SCDW electrode (or both
SCDW electrodes) is supposed to be oriented normally to the
junction plane. Besides, the parameter cos ϕ in formula (35)
was put equal to 1.

The dependencies of the dimensionless tunnel conductance
g = R dJ

dV
on the dimensionless bias voltage v = eV/�0 were

calculated by simulating the experimental procedure: namely,
numerically, using the formula that can be reduced to the
expression,

g(v) = R
J (V + δV ) − J (V − δV )

2δV
. (43)

This issue was discussed in more detail elsewhere [110]. In
this work, the increment δv of the dimensionless bias voltage
for the numerical differentiation of the dependence J (V ) was
selected to equal δv = eδV/�0 = 0.001.

Our choice of �0 as a normalizing factor for the
energy quantities implicitly implies that superconductivity
was selected to be a background against which CDWs
develop. Therefore, it seems reasonable to have reference
(in the conventional sense) CVCs for tunnel junctions, both
nonsymmetric and symmetric, with the dBCS [82]. Then the
influence of CDWs could be confidently singled out. The
required sets of CVCs describing their temperature evolution
are plotted in Fig. 5.

A. Nonsymmetric junctions

The nonsymmetric configuration, i.e., the tunnel junction
between an SCDW and a normal metal is much simpler for the
analysis, because formula (33) is strongly simplified in this
case. Really, a normal metal can be regarded as a limiting
case of SCDW with no superconducting and CDW order
parameters. Then, both D̄(T ,θ ) and �̄(T ,θ ) in formula (35)

equal zero. As a result, the corresponding Ñ (ω) dependence
becomes identically equal to unity. It is convenient to select the
primed electrode as a normal metal [Ñ ′ ≡ 1 in Eq. (39)]. Then,
the dependence of the tunnel current on the bias voltage V is
contained in kernel (34) only. Now, the formula for calculations
looks like

J (V ) = 1

2eR

∫ ∞

−∞
dωK(ω,V,T )Ñ(ω). (44)

Going further and putting also Ñ (ω) ≡ 1 in Eq. (44), i.e.,
assuming the unprimed electrode to be also a normal metal,
we obtain an integral that gives the standard formula for the
Ohmic contact, J = V/R.

In the case T = 0, formula (44), owing to the properties of
the kernel K(ω,V,T ), transforms into the expression,

J (V ) = 1

eR

∫ eV

0
dωÑ (ω), (45)

so that the conductance G(V ) equals

G(V ) = dJ

dV
= Ñ (eV )

R
. (46)

Analytic expressions for the normalized components of Ñ (x)
were obtained in Sec. III. They also allow one to give a
qualitative interpretation to the influence of electron-hole
pairing on the CVC form. In particular, if we put cos ϕ = 1,
formula (42) means that the CDWs enhance the role of states
from the d FS sections in the formation of the positive
CVC branch or compensate (or even overcompensate) the
conventional term N (ε) in the negative CVC branch. The
correction is proportional to the ratio �/|ε|, so that the
compensation should be the most effective at ε = −�. If
cos ϕ = −1, the enhancement/compensation situation will be
inverse with respect to the voltage sign.

For cos ϕ = 0, the tunnel CVCs would reveal their conven-
tional, appropriate to the case of conventional superconduc-
tors, antisymmetry with respect to the voltage sign: J (V ) =
−J (−V ) [92]. As a consequence, the conductance G(V ) =
dJ/dV becomes a symmetric function: G(V ) = G(−V ). But
as was shown earlier [45–47,114,115], any other value of
ϕ breaks this symmetry in the case of two different SCDW
electrodes. Hence, in the framework of our approach, this
circumstance (we recall that typical values of ϕ are 0 and
π , for which cos ϕ = ±1) provides a natural explanation for
the appearance of the dip-hump structures in only one voltage
polarity branch of the cuprate tunnel spectra [89,116–118].

The availability of the correction term δN (ε) in Ñ (ε) [see
formula (40)] makes the whole CVC nonsymmetric and not
proportional to the genuine DOS in the SCDW electrode
spectrum. However, N (ε) can be recovered from the CVC
data. Indeed, in accordance with Eq. (42), the quantity δN (ε) is
asymmetric with respect to ε. This feature makes it possible to
get rid of the anomalous contribution to G(V ) by symmetrizing
the CVC, i.e., to evaluate the DOS using the formula,

N (E = eV ) ∼ 1
2 [G(V ) + G(−V )]. (47)

Now, let us consider the CVCs of the nonsymmetric
junction for each representative SCDW parameter set.
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FIG. 6. (Color online) Normalized CVCs for tunnel junctions
between the SCDW with the representative parameter set A (solid
curve) or the related dBCS (dashed curve) and the normal electrode
(the nonsymmetric junction) at T = 0. Vertical dotted lines mark the
positions of CVC peculiarities �a < Dα < D0. For comparison, the
corresponding DOS (in arbitrary units) is shown by the dotted curve.

1. Set A: N = 4,σ0 = 1,α = 20◦

In Fig. 6, the dimensionless conductance g = RdJ/dV

versus the dimensionless voltage v = eV/�0 is shown for
the nonsymmetric junction between a normal electrode and a
SCDW with parameter set A [see Fig. 2(a)], and at T = 0. The
corresponding CVC for the related dBCS is also exhibited,
as well as the DOS profile calculated by symmetrizing the
CVC. One can see that, although the semiconductor model,
which is valid for superconductors due to the drop out of the
coherent factors from the formulas for the tunnel current [44],
is also appropriate to the CDW case, the behavior of G(V ) for
the SCDW differs from that for the dBCS. This is due to the
existence of the “interband” Green’s function, which describes
the electron-hole pairing, and the corresponding term in the
overall quasiparticle tunnel current [45,119]. As a result, the
function G(V ) is highly nonsymmetric and possesses three
(besides the obvious peculiarity located at V = 0) features
directly connected to the peculiarity points in Fig. 2(c), as was
discussed in Sec. III.

Let us first consider the CVC changes induced by separately
varying σ0 and α parameters. The corresponding illustrations
are shown in Fig. 7. The lowest CVCs in both panels are
completely symmetric and identical. In the case of Fig. 7(a),
the lowest CVC is associated with the parameter set D
(N = 4,σ0 = 0.9,α = 20◦), which, as was discussed in Sec. II,
corresponds at T = 0 to the state of pure dBCS [see Fig. 2(b)].
The parameter set for the lowest CVC in Fig. 7(b) also
corresponds to the pure dBCS because the d FS sections
are absent (α = 0◦). Going over the CVCs upwards in both
panels, we increase the order parameter �, which makes the
CVCs more and more nonsymmetric. In particular, the � value
for the set (N = 4,σ0 = 1,α = 5◦)—this is the next CVC in
Fig. 7(b)—is too small for some distortions of the peaks to
be observed at the selected scale; however, the difference
between the peak heights can already be detected. This is a
result of the detrimental effect of the electron-hole pairing
on the superconducting one. Changing to larger σ0 or α, we
enhance the role of the former pairing, so that � tends to its
parent value �0, and hamper the latter pairing, so that � → 0.
As a result, the peculiarities associated with � only [these

(b)(a)

FIG. 7. (Color online) Modifications of the CVC for the nonsym-
metric junction with SCDW parameter set A induced by changing (a)
parameter σ0 and (b) parameter α, at T = 0.

are ±�α; see Figs. 2(c) and 6], decrease by magnitude and
move towards V = 0. The other peculiarities (these are ±Dα

and ±D0) tend to ±�, which in turn tend to ±�0. However,
as was said above, if cos ϕ = 1, all �-related singularities
become effectively compensated in the vicinity of eV = −�

(these are −Dα and −D0), in contrast to the behavior of the
Dα and D0 peculiarities in the positive V branch.

Both panels clearly illustrate how doping-induced changes
of problem parameters can affect the CVCs of nonsymmetric
junctions. Such modifications should be observed, e.g., in STM
measurements. The manifestations of relevant peculiarities
may be substantially reduced by the disorder. The latter should
significantly influence the parameters α and σ0. This compli-
cation is unavoidable, especially for such nonstoichiometric
compounds as cuprates [120–122], which may give rise to an
appreciable smearing of CVC peculiarities.

Not only the spatial inhomogeneity can hamper the ob-
servation of CVC peculiarities. In Fig. 8(a), the temperature
evolution of CVCs is depicted for a nonsymmetric junction
involving the SCDW with representative parameter set A.
Figure 8(b) demonstrates the temperature-driven evolution
of the CVC feature points. The most pronounced effect is
the strong smearing of all peculiarities. It happens because,
according to Eq. (44), when calculating dJ/dV , we actually
average Ñ (ω) over a certain ω interval, the width of which
grows as the temperature increases. Therefore, any cusps
and logarithmic singularities, which are integrable per se, are
smoothed out at T → Tc. However, their behavior in both V

branches is different. In particular, as follows from Fig. 2(b),
� increases and � decreases as the temperature grows up
to Tc. Hence, the ±�α peculiarities are smoothed out by
both T and the reduction of �. Again, the behavior of the
peculiarities ±Dα and ±D0 strongly depends on the branch
polarity. Despite the increase of � at T → Tc, the convergence
of the −Dα and −D0 peculiarities to −� results in their
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(a) (b)

FIG. 8. (Color online) Temperature evolution of (a) CVCs for the
nonsymmetric junction with SCDW parameter set A and (b) the
corresponding CVC peculiarities.

effective disappearance, whereas the Dα and D0 peculiarities
survive and strengthen, giving the CVC a form that strongly
resembles the pseudogap phenomenon observed in cuprates.

By comparing the figures presented in this section and
Fig. 5(a), one can see that the CDW-induced pseudogapping
of the electron spectrum totally distorts the CVCs of the
parent d-wave superconductor, making it more complicated
and asymmetric within the whole T interval of CDW ex-
istence, including T = 0. As will be demonstrated below,
this conclusion remains valid for all examined representative
cases, including symmetric junctions as well [see Fig. 5(b)]. Of
course, a strong enough CDW disorder can severely reduce the
CDW effects. This issue goes beyond the scope of this work.
However, we believe that such pronounced effects as extra
CVC peculiarities and CVC asymmetry will not completely
disappear and could be unequivocally detected, at least for
SCDW samples with a low CDW disorder.

2. Sets D and E: CDW reentrance

Figure 2 shows that, by changing the parameter σ0 of
the representative parameter set A to a value of 0.9, i.e.,
transforming it to parameter set D, we obtain a pure dBCS
phase at T = 0 [83], so that the corresponding CVC turns out
symmetric [Fig. 7(a)]. It is clear that switching on CDWs in
the framework of our phenomenological approach means an
increase of σ0 and/or α. Then, the CVCs will remain symmetric
up to a certain value of the variable parameter and thereafter
will be nonsymmetric.

Figure 2(b) testifies that, for parameter set D, the tempera-
ture can also be used to switch CDWs on. The corresponding
evolution of the CVCs and the temperature dependencies of
peculiarity point values are depicted in Fig. 9. Figure 9(b)
demonstrates that the CVC peculiarities �α and Dα appear
only above a certain temperature Tr . In the CVCs, they are
strongly smeared and probably are not observable. At the same
time, their appearance correlates with the appearance of CVC
nonsymmetricity.

The temperature evolution of CVCs and CVC peculiarities
in the case of CDWs almost suppressed by superconductivity
[Fig. 2(b), set E] are shown in Figs. 9(c) and 9(d), respectively.
Here, weak �-induced features emerge at Tr and disappear

(a) (c)

(b) (d)

FIG. 9. (Color online) Temperature evolution of CVCs (a) and
(c), and the corresponding CVC peculiarities (b) and (d) for the
nonsymmetric junctions with SCDW parameter sets D (a) and
(b) and E (c) and (d).

at Ts against the dominating superconducting background. As
T grows, the conventional CVC symmetry becomes broken
when crossing this region and restored after leaving it.

Attention should be attracted to the fact that the CVCs
at various T ’s might be interpreted as a result of spectrum
gapping by a single order parameter. This parameter seems
to be almost temperature independent up to the critical
temperature (in our case, this is Ts). Up to a certain Tc < Ts ,
the sample is a superconductor. Within this interval (T < Tc),
something happens, so that the sample remains to be a
superconductor, but the CVC for its tunnel junction with
a normal metal loses its symmetric character and gradually
takes a form inherent to the pseudogapped one. However, this
interpretation is wrong. Actually, there are two intertwining
order parameters.

3. Set B: N = 2,σ0 = 1,α = 20◦

For the unidirectional CDW pattern (N = 2), an additional
feature point �90◦ arises in the gap rose [Fig. 2(d)]. As was
explained in Sec. III B, this peculiarity is responsible for
the appearance of the logarithmic singularity in the DOS
N (ε) at ε = � and, as a consequence, two logarithmic CVC
singularities at eV = ±� (see Fig. 10).

Figure 11 illustrates the control of SCDW parameters σ0 and
α over the CVC. The interval of α in Fig. 11(b) was restricted
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FIG. 10. (Color online) The same as in Fig. 6, but for SCDW
parameter set B. Vertical dotted lines mark the positions of CVC
peculiarities �a < Dα < �90◦ < D0.

to α � 45◦, because at larger α’s the gap rose transforms into
the form depicted in Fig. 2(e).

The T -induced variations of the CVC for the nonsymmetric
junction involving a SCDW with parameter set B are shown
in Fig. 12(a), and the temperature evolution of all four CVC
peculiarities is demonstrated in Fig. 12(b). In Sec. III B, it was
shown that at T = 0, the CVC peculiarity �90◦ can be located
in either of the intervals [�α,Dα] or [Dα,D0] depending on
the specific parameter set. From Fig. 12(b), it is evident that
in the latter case the plots of the dependencies �90◦ (T ) and
Dα(T ) have to intersect each other at a certain temperature T ,
and the CVC peculiarities change their relative order.

The approach of the parameter σ0 to 0.9 would also bring
us to the situation with the CDW reentrance. We will not
analyze this case in detail. It is enough to mention that all
characteristic temperatures remain the same, and the � and
� values vary in the range of their coexistence similarly
to their behavior for the checkerboard CDW geometry [83].
Therefore, all corresponding CVC dependencies on the SCDW
parameters and the temperature are analogous to those depicted
in Figs. 11 and 12.

(a) (b)

FIG. 11. (Color online) The same as in Fig. 7, but for SCDW
parameter set B.

(a) (b)

FIG. 12. (Color online) The same as in Fig. 8, but for SCDW
parameter set B.

4. Set C: N = 2,σ0 = 1,α = 60◦

In Fig. 13, the zero-temperature CVC for the representative
SCDW with parameter set C is shown. Attention should be
paid to a large jump in the positive branch and its absence in
the negative one. This peculiarity at D45◦ is a manifestation
of the jump in the DOS at ε = � [see the dotted curve and
formula (32)]. Again, the corresponding electron-hole-pairing
contribution enhances the peculiarity at eV = D45◦ in the
positive CVC branch (we recall that the CDW phase ϕ = 0)
and compensates it in the negative one until its complete
disappearance. Besides, possessing also a zero-conductance
(full-gap) region at low bias voltages, the corresponding CVC
drastically differs from that for the related dBCS.

Figure 14 illustrates the dependencies of the corresponding
nonsymmetric CVCs on σ0 and α. Figure 14(b) is, in some
sense, a continuation of Fig. 11(b). At the same time, as the
phase diagram shows [Fig. 2(a)], the parameter σ0 can be
extended down to much smaller values without entering the
dBCS region.

In Fig. 15, the temperature evolution of the CVC and the
peculiarity energies are shown.

Summarizing the results of calculations obtained for non-
symmetric junctions, we may state that, for homogeneous
electrode specimens, the CVCs measurements would allow
one to find the SCDW parameters in rather a straightforward

FIG. 13. (Color online) The same as in Fig. 6, but for SCDW
parameter set C. Vertical dotted lines mark the positions of CVC
peculiarities �a < �90◦ < D45◦ < Dα < D0.
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(a) (b)

FIG. 14. (Color online) The same as in Fig. 7, but for SCDW
parameter set C.

manner but only at low T . However, both an intrinsic
inhomogeneity and finite temperatures will inevitably smear
useful information concerning peak locations. Anyway, the
obtained CVCs agree rather well with main experimental
features. In particular, all of them demonstrate a pseudogap
behavior at high temperatures, which we associate with the
CDW gapping.

B. Symmetric junctions

To calculate CVCs for the symmetric tunnel junction be-
tween two identical SCDWs, we have to put the corresponding
parameters in both electrodes identical, so that

Ñ (ω) = Ñ ′(ω), (48)

(a) (b)

FIG. 15. (Color online) The same as in Fig. 8, but for SCDW
parameter set C.

in Eq. (39). As a result, the terms linear in � mutually
compensate each other in both V branches. Only the term
quadratic in � survives, so that the expression for the current
becomes insensitive to the � sign and antisymmetric with
respect to the change of the bias voltage polarity.

The number of CVC peculiarities considerably increases.
In particular, if the number of different nonzero peculiarities
(εpeci �= εpecj if i �= j ) in the DOS spectrum with a node
point �45◦ = 0 [see Figs. 2(b) and 2(c)] equals S, the CVC
peculiarities in each branch will include the following ones. At
T � 0 (the primed quantities are related to the right electrode),

(i.) S peculiarities of the type �45◦ + ε′
peci = εpeci + �′

45◦ ,
(ii.) S peculiarities of the type εpeci + ε′

peci = 2εpeci , and
(iii.) S(S − 1)/2 peculiarities of the type εpeci + ε′

pecj
(i �= j ).

At T > 0, additional peculiarities arise:
(iv) S(S − 1)/2 peculiarities of the type |εpeci − ε′

pecj | (i �=
j ) and

(v) a combined peculiarity at eV = 0 of the type
|εpeci − ε′

peci | formed by all DOS peculiarities.
Hence, the number of CVC peculiarities equals S(S + 3)/2

at T = 0 and S(S + 1) + 1 at T �= 0. Of course, each of the
peculiarities can be more or less observable. But, because
of their large number, we will not mark them explicitly, in
contrast to what was done for nonsymmetric CVCs, since
a cumbersome analysis is required in this case for the
classification.

Let us consider symmetric CVCs for the representative
parameter sets.

1. Set A: N = 4,σ0 = 1,α = 20◦

The dimensionless tunnel conductance g(v) in the case of
identical SCDW electrodes with parameter set A and at T = 0
is demonstrated in Fig. 16 (the solid curve), together with the
g(v) for the symmetric junction between the related dBCS
electrodes (the dashed curve). One sees that the outer peak of
the combined CDW-superconducting nature can be higher than
its inner counterpart predominately formed by Cooper pairing.
This is in agreement, e.g., with the tunnel measurements
in underdoped Bi2Sr2Ca1−xYxCu2O8+δ mesa structures [89].
Since the number of peculiarities in the spectrum of a SCDW
with parameter set A equals three (except for the gap node
�45◦ = 0), the number of CVC peculiarities in either of the
CVC branches at T = 0 equals nine. As a result, the g(V )

FIG. 16. (Color online) The same as in Fig. 6, but for the
symmetric junction.
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(a) (b)

FIG. 17. (Color online) The same as in Fig. 7, but for the
symmetric junction.

plot differs strongly from the related CVC. The inner region
of g(V ) also demonstrates the U behavior in the vicinity of
V = 0. The deviation of g(v) from the relative CVC starts (the
appearance of a shoulder) at voltages, corresponding to the
same point �α of the gap rose, as in the nonsymmetric case
(Fig. 6).

Figure 17 makes it possible to trace the changes in the CVC
induced by the variations of the intrinsic SCDW parameters
σ0 and α. As a result, the forms of CVCs turn out to be rather
diverse. The inner peak differs drastically from the single peak
in the related CVC.

At the same time, the interplay between superconductivity
and CDWs results in a rapid suppression of the “predominately
superconducting” peaks. For intermediate α’s, the peaks
predominately related to the dielectric gap look very similar
to superconducting ones and can be confused with them. A
further increase of α totally suppresses superconductivity, and
the results tend to those for normal metals partially gapped by
CDWs [119].

The influence of T makes the CVCs even more complicated.
It is so because new points appear, equal to the differences
between the spectrum peculiarities in the electrodes. There-
fore, the total number of CVC peculiarities increases to 12
in either of the CVC branches. Besides, there emerges a
peculiarity at V = 0 formed as an overlapping of gap-edge
“self-differential” peculiarities produced by each of the spec-
tral features [106]. The differential peculiarities are associated
with the temperature-induced redistribution of quasiparticles
over the energy levels outside the gapped region; they become
more conspicuous as T grows. It is clear that the “differential”
peculiarities should be mainly located at low V ’s.

The temperature evolution of peculiarities in the CVCs
for symmetric junctions with SCDW [Fig. 18(a)] differs
drastically from that in the non-symmetric-junction case
[Fig. 8(a)]. First, the CVC peculiarities observed at T = 0
are not smeared by T , but remain well observable up to Tc.
Second, the peculiarities arising at T �= 0 are also not smeared,
but even grow as T → Tc. As a result, the CVCs become the
most intricate near Tc. Figure 18(b) shows the behavior of g(v)

(a)

(b)

(c)

FIG. 18. (Color online) Temperature evolution of (a) CVCs for
the symmetric junction with SCDW parameter set A and (c) the
corresponding CVC peculiarities. (b) Scaled-up CVC sections near
the zero-bias voltage.

in the neighborhood of the actual superconducting temperature
Tc. One can see a fine differential gap structure formed by
both order parameters. The development and disappearance of
the peculiarities is very intriguing and may be observed for
break junctions made of “good enough” samples. This rich
picture exists only below Tc, whereas the patterns above Tc

are more dull, exhibiting the pseudogap behavior particularly
appropriate to cuprates [2,123,124].

This phenomenon has the following basis. In the symmetric
case, every CVC peculiarity is a result of convolution of two
DOS peculiarities (one from each electrode), which preserve
their character (the cusp, jump or logarithmic singularity)
within the whole temperature interval of their existence. It
looks like the DOS peculiarities “support” each other, and the
CVC peculiarity becomes “stronger” than the “strengths” of
each “parent” DOS peculiarities, so that the kernel K(ω,V,T )
in Eq. (36) cannot smooth it as much effectively as it does
with a single DOS peculiarity in Eq. (44). In the particular
case of isotropic BCS superconductor, such a phenomenon
is also known. Namely, logarithmic singularities emerge in
nonsymmetric junctions between different superconductors
when the quasiparticle tunneling is carried out onto the levels
with high DOSes above or below the energy gaps with merging
edges [125].

The effect of CVC peculiarity “strengthening” becomes
even stronger in the SCDW, because the electron-hole-
pairing contribution to the overall effective DOS is lin-
ear in �, and � is a growing function of T up to Tc

[Fig. 2(b)]. By examining the behavior of various peculiarities
in Fig. 18(a), we assert that the DOS peculiarities associated
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with the d FS sections play the key role in all that: They
“strengthen” each other (∼�2) and “support” the influence of
the DOS peculiarities associated with the nd FS sections while
convolution.

However, the temperature evolution of CVC is a gradual
process, so that sooner or later the influence of � decrease at
T → Tc has to prevail over that of � growth. The results of
calculations confirm this conclusion [Fig. 18(b)], but testify
that the collapse of “extra” CVC peculiarities occurs in quite
a narrow temperature interval near Tc.

Figure 18(c) demonstrates that in the course of evolution,
the peculiarities can change their order, which makes the
problem of their identification quite complicated.

For parameter set A, Ts is substantially higher than Tc.
Therefore, the predominantly �-driven peaks remain rather
cute until τ = 1. Above τ = 1, only two peculiarities should
remain in each CVC branch: at |eV | = �(T ) and 2�(T ), as
for a partially CDW-gapped normal metal [119]. This is really
the case, as is seen from Fig. 18(a). However, the square-root
singularity at eV = � is substantially smeared for the actual
parameters. The singularity at eV = 2� is a jump, with its
amplitude being gradually reduced by the thermal factor.

One should bear in mind that, under the influence of a
sufficiently strong disorder-induced averaging in the inho-
mogeneous environment of nonstoichiometric cuprate sam-
ples [55–59], the whole spectral picture found above may
be transformed into a V-like well with a dip-hump structure
outside the superconducting gap edges [51].

2. Sets D and E: CDW reentrance

Similarly to what was done in the case of nonsymmetric
junction (Fig. 9), the symmetric junctions with the reentrance
parameter sets D and E will be analyzed. The relevant CVC
temperature evolution is especially instructive (Figs. 19 and 20,
respectively).

(a)

(b)

(c)

FIG. 19. (Color online) The same as in Fig. 18, but for SCDW
parameter set D.

(b)

(c)(a)

FIG. 20. (Color online) The same as in Fig. 18, but for SCDW
parameter set E.

For set D, the appearance of the order parameter � rapidly
rising with T conspicuously modifies g(v), as stems from
Fig. 19(a). The growth of (mostly � determined) peculiarities
with T can be considered as a smoking gun of CDWs, since the
d-wave superconducting features decrease with T . The pattern
near eV = 0 [Fig. 19(b)] in the coexistence T range is even
more complicated than its counterpart for set A [Fig. 18(b)].
Here, according to Fig. 19(c), the peculiarity-position order
also changes with T as in Fig. 18(c).

When the CDW order parameter emerges and disappears
below Tc (set E), the temperature evolution demonstrates the
same features as in case D (Fig. 19). However, since the �

magnitude is much smaller than in the previous case, these
features are relatively weak. Besides, bearing in mind the
detrimental influence of the inevitable dopant disorder and
impurities [78], the phenomenon concerned can be easily
overlooked.

3. Set B: N = 2,σ0 = 1,α = 20◦

The conductances g(v) describing tunneling at T = 0
between identical SCDW electrodes with parameter set B
are demonstrated in Fig. 21. Since there are many different
combinations of peculiar points in this case, the g(v) plots
exhibit a number of maxima and minima. The inner part of
g(v) remains incompletely gapped, showing the U behavior
in the vicinity of v = 0. In this region, the CVC behavior is
the same as in the related dBCS junction (the dashed curve).
The only spread of the parent gap values here is caused by
the trivial angular dependence (8) of the superconducting
d-wave order parameter. However, the peculiarities in Fig. 21
are so close that the unavoidable disorder together with the
less prominent thermal smearing should create wide joint
peaks or broadened dip-hump patterns with two maxima and
a trough between them. Such conductances were obtained for
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FIG. 21. (Color online) The same as in Fig. 16, but for SCDW
parameter set B.

a number of cuprates in break-junction [49,116,118,126] and
mesa [89,108,127–131] structures.

The conductances g(v) strongly depend on the CDW pa-
rameters σ0 and α, as is shown in Fig. 22. This evolution can be
studied by comparing the curves for differently doped samples.

The temperature evolution of g(v) is shown in Fig. 23(a).
Here, the pattern is very rich in singularities [cf. Fig. 18(a)],
which relatively slowly deform with T , so that, in principle,
it is possible to resolve different peaks, at least at the helium
temperature, using the break-junction technique [116] or by
measuring intrinsic-tunneling CVCs in mesa structures [89].
The peak near V = 0 is weaker here than for the checkerboard
CDWs, which is the consequence of only two CDW sectors
influencing the conductance behavior.

The attribution of singular points to corresponding combi-
nations of gaps can be found from Fig. 22(a). The highest
peaks are observed at |eV | = D0 + �90◦ , whereas at the
largest relevant peculiar points |eV | = D0 + D0 = 2D0 the
peaks are as sharp as the highest ones, but much lower. A
steep fall of g(v) can be noticed at the differential points
|eV | = D0 − �90◦ [Fig. 22(a)], which of course can appear
only at T �= 0. The fine structure [132] in the break-junction
tunnel spectra of Bi2Sr2CaCuO8+δ observed at T = 4.2K and
becoming stronger at higher T is similar to our theoretical
results presented in Fig. 22 and might be interpreted as the
intertwining between d-wave superconductivity and uniaxial
CDWs. If such an interpretation is true, the outer gap features
should be associated with the combined gap rather than the

(a) (b)

FIG. 22. (Color online) The same as in Fig. 17, but for SCDW
parameter set B.

(a)

(b)

(c)

FIG. 23. (Color online) The same as in Fig. 18, but for SCDW
parameter set B.

pure superconducting one in agreement with the experiment
for Bi2Sr2Ca1−xYxCu2O8+δ mesas [89]. Nevertheless, the
original interpretation [132] of the observed conspicuous
subgap structure as the influence of nonequilibrium phonons
cannot be ruled out. In this connection, it would be useful
to carry out measurements for a number of samples from the
same batch, but with varying charge-carrier concentrations and
different CDW patterns.

Interesting details of the tunnel spectrum T evolution can
be traced at small voltages, as is shown in Fig. 23(b), which
is an excerpt from Fig. 23(a) in the neighborhood of the bias
voltage origin. One sees that the fine structure develops with
T , changes its form, and abruptly disappears at τ = 1, the
only remnant at T > Tc being the logarithmic singularity at
eV = 0 [119].

In Fig. 23(c), the temperature evolution of the peculiarity
energies is displayed. It comes about that the relative locations
of certain peculiarities change with T , so that their exact
attribution would be difficult. The more so, the disorder may
lead to their complete or partial merge.

FIG. 24. (Color online) The same as in Fig. 16, but for SCDW
parameter set C.
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(a) (b)

FIG. 25. (Color online) The same as in Fig. 17, but for SCDW
parameter set C.

4. Set C: N = 2,σ0 = 1,α = 60◦

The conductances g(v) for symmetric junctions with the
SCDW (parameter set C) and the related dBCS, both at T =
0, are shown in Fig. 24. Contrary to case B, g(v) is now
fully gapped by both CDW and Cooper pairings. Even the
huge peak in Fig. 24 is formed jointly by CDWs and d-wave
superconductivity, similarly to the subtle features in the inner,
fully gapped region. It might happen that the demonstrated here
CDW-driven s-like gapping may mimic its superconducting
counterpart and hide the effects of the nodes appropriate to the
actual superconducting order parameter.

The obtained conductances g(v) strongly evolve with the
doping-related CDW parameters σ0 and α, as is displayed in
Figs. 25(a) and 25(b), respectively. The inner region remains
more or less structureless during the evolution.

On the other hand, temperature makes a more profound
effect, in particular, filling the gap and introducing a com-
plicated pattern near eV = 0 [see Fig. 26(a)]. The excerpt
from Fig. 26(a) is depicted in Fig. 26(b) at a larger scale.
It is quite different from the CVC for parameter set B
shown in Fig. 23(b). The CVC T evolution in the vicinity of
eV = 0 demonstrated in Fig. 26(b) shows the intersection of
peculiarities. Hence, the pattern changes qualitatively and not
regularly. The intersection itself becomes clear from Fig. 26(c),
where dependencies of peculiarities are shown in the whole
temperature region up to the CDW critical temperature Ts .

VI. CONCLUSIONS

Our calculations showed that the incoherent c-axis tun-
neling in cuprates studied by STM (STS), break-junction
technique or intrinsic transport in mesas can reveal interesting
joint electron spectrum gapping with manifestations of both
d-wave superconducting and CDW features. Checkerboard
and uniaxial CDWs were considered and demonstrated dif-
ferent tunnel conductance G(V ) patterns. The results cannot
be reduced to a superposition of two kinds of gapping.
Specifically, there is quite a number of peculiar points in the
two-dimensional gap rose (angular diagram) in the momentum
space. All of them are reflected in the tunnel conductance

(a)

(b)

(c)

FIG. 26. (Color online) The same as in Fig. 18, but for SCDW
parameter set C.

G(V ) in the nonsymmetric setup when one electrode is a
normal metal and another one is an SCDW. In the case of
two SCDW electrodes extra peculiarities appear in G(V ) due
to the possibility of various combinations between the gap-rose
singularities, which give their contributions to the current. The
fine structure of G(V ) was shown to be strongly smeared by
thermal broadening in the case of nonsymmetric setup. At the
same time, unexpectedly, it turned out rather robust for sym-
metric tunnel junctions, which makes them preferable in tunnel
researches. Of course, additional blurring will be induced by
the inhomogeneities intrinsic to berthollides, including high-Tc

oxides [55–59]. However, their remnants may be seen in
experimental data as wide complicated structures both inside
and outside the superconducting-gap region. Such structures
have been found and extensively studied, in particular, in
Bi2Sr2CaCuO8+δ [132]. The well-known dip-hump pattern
observed in various cuprate CVCs both in the superconducting
and normal state (above Tc) [89,116–118,127] seems to be
a particular case of the general behavior when the disorder
smears the CVC forcing different peculiarities to merge. Care-
ful analysis of CVCs may not only reveal CDWs but also dis-
tinguish between uniaxial and checkerboard structures. In the
case of symmetric junctions it would be of benefit to carry out
such an analysis together with studying stationary Josephson
current dependence on doping and temperature as was done
in the case of intrinsic tunneling in Bi2Sr2Ca1−xYxCu2O8+δ

mesas [89].
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H. Szymczak, and M. Pȩkała, Adv. Condens. Matter Phys.
2010, 681070 (2010).

[8] T. Ekino, A. M. Gabovich, M. S. Li, M. Pȩkała, H. Szymczak,
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B. Vignolle, G. Yu, J. Béard, X. Zhao, C. Proust, and M. Greven,
Nature Phys. 9, 761 (2013).

[38] E. H. da Silva Neto, R. Comin, F. He, R. Sutarto, Y. Jiang,
R. L. Greene, G. A. Sawatzky, and A. Damascelli, Science
347, 282 (2015).

054512-18

http://dx.doi.org/10.1038/nphys3009
http://dx.doi.org/10.1038/nphys3009
http://dx.doi.org/10.1038/nphys3009
http://dx.doi.org/10.1038/nphys3009
http://dx.doi.org/10.1038/nphys2805
http://dx.doi.org/10.1038/nphys2805
http://dx.doi.org/10.1038/nphys2805
http://dx.doi.org/10.1038/nphys2805
http://dx.doi.org/10.1103/PhysRevLett.113.107002
http://dx.doi.org/10.1103/PhysRevLett.113.107002
http://dx.doi.org/10.1103/PhysRevLett.113.107002
http://dx.doi.org/10.1103/PhysRevLett.113.107002
http://dx.doi.org/10.1080/14786435.2014.906758
http://dx.doi.org/10.1080/14786435.2014.906758
http://dx.doi.org/10.1080/14786435.2014.906758
http://dx.doi.org/10.1080/14786435.2014.906758
http://dx.doi.org/10.1155/2010/681070
http://dx.doi.org/10.1155/2010/681070
http://dx.doi.org/10.1155/2010/681070
http://dx.doi.org/10.1155/2010/681070
http://dx.doi.org/10.3390/sym3040699
http://dx.doi.org/10.3390/sym3040699
http://dx.doi.org/10.3390/sym3040699
http://dx.doi.org/10.3390/sym3040699
http://dx.doi.org/10.1088/0034-4885/75/10/102501
http://dx.doi.org/10.1088/0034-4885/75/10/102501
http://dx.doi.org/10.1088/0034-4885/75/10/102501
http://dx.doi.org/10.1088/0034-4885/75/10/102501
http://dx.doi.org/10.1016/j.jmmm.2014.06.056
http://dx.doi.org/10.1016/j.jmmm.2014.06.056
http://dx.doi.org/10.1016/j.jmmm.2014.06.056
http://dx.doi.org/10.1016/j.jmmm.2014.06.056
http://dx.doi.org/10.1103/RevModPhys.87.457
http://dx.doi.org/10.1103/RevModPhys.87.457
http://dx.doi.org/10.1103/RevModPhys.87.457
http://dx.doi.org/10.1103/RevModPhys.87.457
http://dx.doi.org/10.1126/science.1223532
http://dx.doi.org/10.1126/science.1223532
http://dx.doi.org/10.1126/science.1223532
http://dx.doi.org/10.1126/science.1223532
http://dx.doi.org/10.1103/PhysRevLett.109.167001
http://dx.doi.org/10.1103/PhysRevLett.109.167001
http://dx.doi.org/10.1103/PhysRevLett.109.167001
http://dx.doi.org/10.1103/PhysRevLett.109.167001
http://dx.doi.org/10.1038/nphys2456
http://dx.doi.org/10.1038/nphys2456
http://dx.doi.org/10.1038/nphys2456
http://dx.doi.org/10.1038/nphys2456
http://dx.doi.org/10.1103/PhysRevLett.110.017001
http://dx.doi.org/10.1103/PhysRevLett.110.017001
http://dx.doi.org/10.1103/PhysRevLett.110.017001
http://dx.doi.org/10.1103/PhysRevLett.110.017001
http://dx.doi.org/10.1103/PhysRevB.90.100510
http://dx.doi.org/10.1103/PhysRevB.90.100510
http://dx.doi.org/10.1103/PhysRevB.90.100510
http://dx.doi.org/10.1103/PhysRevB.90.100510
http://dx.doi.org/10.1103/PhysRevB.90.054514
http://dx.doi.org/10.1103/PhysRevB.90.054514
http://dx.doi.org/10.1103/PhysRevB.90.054514
http://dx.doi.org/10.1103/PhysRevB.90.054514
http://dx.doi.org/10.1038/ncomms6875
http://dx.doi.org/10.1038/ncomms6875
http://dx.doi.org/10.1038/ncomms6875
http://dx.doi.org/10.1038/ncomms6875
http://dx.doi.org/10.1103/PhysRevB.89.224513
http://dx.doi.org/10.1103/PhysRevB.89.224513
http://dx.doi.org/10.1103/PhysRevB.89.224513
http://dx.doi.org/10.1103/PhysRevB.89.224513
http://dx.doi.org/10.1126/science.1242996
http://dx.doi.org/10.1126/science.1242996
http://dx.doi.org/10.1126/science.1242996
http://dx.doi.org/10.1126/science.1242996
http://dx.doi.org/10.1126/science.1243479
http://dx.doi.org/10.1126/science.1243479
http://dx.doi.org/10.1126/science.1243479
http://dx.doi.org/10.1126/science.1243479
http://dx.doi.org/10.1103/PhysRevB.90.184514
http://dx.doi.org/10.1103/PhysRevB.90.184514
http://dx.doi.org/10.1103/PhysRevB.90.184514
http://dx.doi.org/10.1103/PhysRevB.90.184514
http://dx.doi.org/10.1103/PhysRevB.88.214517
http://dx.doi.org/10.1103/PhysRevB.88.214517
http://dx.doi.org/10.1103/PhysRevB.88.214517
http://dx.doi.org/10.1103/PhysRevB.88.214517
http://dx.doi.org/10.1126/science.1066974
http://dx.doi.org/10.1126/science.1066974
http://dx.doi.org/10.1126/science.1066974
http://dx.doi.org/10.1126/science.1066974
http://dx.doi.org/10.1038/nphys1021
http://dx.doi.org/10.1038/nphys1021
http://dx.doi.org/10.1038/nphys1021
http://dx.doi.org/10.1038/nphys1021
http://dx.doi.org/10.1126/science.1248221
http://dx.doi.org/10.1126/science.1248221
http://dx.doi.org/10.1126/science.1248221
http://dx.doi.org/10.1126/science.1248221
http://dx.doi.org/10.1038/nature10345
http://dx.doi.org/10.1038/nature10345
http://dx.doi.org/10.1038/nature10345
http://dx.doi.org/10.1038/nature10345
http://dx.doi.org/10.1038/ncomms7438
http://dx.doi.org/10.1038/ncomms7438
http://dx.doi.org/10.1038/ncomms7438
http://dx.doi.org/10.1038/ncomms7438
http://dx.doi.org/10.1103/PhysRevB.85.064507
http://dx.doi.org/10.1103/PhysRevB.85.064507
http://dx.doi.org/10.1103/PhysRevB.85.064507
http://dx.doi.org/10.1103/PhysRevB.85.064507
http://dx.doi.org/10.1038/nmat4116
http://dx.doi.org/10.1038/nmat4116
http://dx.doi.org/10.1038/nmat4116
http://dx.doi.org/10.1038/nmat4116
http://dx.doi.org/10.1103/PhysRevB.90.094513
http://dx.doi.org/10.1103/PhysRevB.90.094513
http://dx.doi.org/10.1103/PhysRevB.90.094513
http://dx.doi.org/10.1103/PhysRevB.90.094513
http://dx.doi.org/10.1038/nphys2502
http://dx.doi.org/10.1038/nphys2502
http://dx.doi.org/10.1038/nphys2502
http://dx.doi.org/10.1038/nphys2502
http://dx.doi.org/10.1038/nature06332
http://dx.doi.org/10.1038/nature06332
http://dx.doi.org/10.1038/nature06332
http://dx.doi.org/10.1038/nature06332
http://dx.doi.org/10.1038/nphys2792
http://dx.doi.org/10.1038/nphys2792
http://dx.doi.org/10.1038/nphys2792
http://dx.doi.org/10.1038/nphys2792
http://dx.doi.org/10.1126/science.1256441
http://dx.doi.org/10.1126/science.1256441
http://dx.doi.org/10.1126/science.1256441
http://dx.doi.org/10.1126/science.1256441


QUASIPARTICLE CURRENT ALONG THE c AXIS IN . . . PHYSICAL REVIEW B 92, 054512 (2015)

[39] V. M. Loktev, R. M. Quick, and S. G. Sharapov, Phys. Rep.
349, 1 (2001).

[40] Y. Wang and A. Chubukov, Phys. Rev. B 91, 195113
(2015).

[41] Y. Wang, D. F. Agterberg, and A. Chubukov, Phys. Rev. Lett.
114, 197001 (2015).

[42] C. Wang, B. Giambattista, C. G. Slough, R. V. Coleman, and
M. A. Subramanian, Phys. Rev. B 42, 8890 (1990).

[43] I. Giaever, in Superconductivity: Discoveries and Discoverers.
Ten Physics Nobel Laureates Tell Their Story, edited by
K. Fossheim (Springer Verlag, Berlin, 2013), p. 53.

[44] M. Tinkham, Introduction to Superconductivity (Dover,
Mineola, 2004).

[45] A. M. Gabovich, Fiz. Nizk. Temp. 18, 693 (1992).
[46] A. M. Gabovich and A. I. Voitenko, Phys. Rev. B 55, 1081

(1997).
[47] A. M. Gabovich and A. I. Voitenko, J. Phys.: Condens. Matter

9, 3901 (1997).
[48] A. I. Voitenko and A. M. Gabovich, Fiz. Tverd. Tela 39, 991

(1997).
[49] T. Ekino, A. M. Gabovich, and A. I. Voitenko, Fiz. Nizk. Temp.

34, 515 (2008).
[50] A. M. Gabovich and A. I. Voitenko, Phys. Rev. B 75, 064516

(2007).
[51] A. M. Gabovich and A. I. Voitenko, Physica C 503, 7 (2014).
[52] A. M. Gabovich, M. S. Li, H. Szymczak, and A. I. Voitenko,

Phys. Rev. B 87, 104503 (2013).
[53] R. Comin, R. Sutarto, E. H. da Silva Neto, L. Chauviere,

R. Liang, W. N. Hardy, D. A. Bonn, F. He, G. A. Sawatzky,
and A. Damascelli, Science 347, 1335 (2015).

[54] G. Campi, D. Innocenti, and A. Bianconi, J. Supercond. 28,
1355 (2015).

[55] J. C. Phillips, A. Saxena, and A. R. Bishop, Rep. Prog. Phys.
66, 2111 (2003).

[56] H. Alloul, J. Bobroff, M. Gabay, and P. J. Hirschfeld, Rev.
Mod. Phys. 81, 45 (2009).

[57] J. C. Phillips, Adv. Condens. Matter Phys. 2010, 250891
(2010).
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